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Abstract

This paper introduces an assignment model with concave costs of skill gaps, which
arise generally when firms mitigate costs of mismatch as in Stigler (1939) and Laffont
and Tirole (1986, 1991). Concave costs of skill gaps imply that the output function
is neither supermodular nor submodular. We thus introduce a tractable model that
interpolates between the polar canonical cases of supermodularity and submodularity.
We characterize sorting, wages, and comparative statics and show these substantively
differ from traditional assignment models. Under composite sorting: (1) distinct worker
types work in the same occupation, and (2) worker types are simultaneously part of
both positive and negative sorting. More generally, we show that composite sorting
applies when the output function is same-sided submodular and decreasing in the skill
gap. Quantitatively, our model can generate and help explain earnings dispersion

between and within occupations.
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1 Introduction

Sorting models have a prominent position in economics, dating to classic contributions by Koopmans and
Beckmann (1957), Shapley and Shubik (1971), and Becker (1973); see Chade, Eeckhout, and Smith (2017)
and Eeckhout (2018) for recent comprehensive reviews. The central insight of this literature is assortative
sorting! — supermodular output yields positive sorting while submodular output yields negative sorting.
Moreover, every worker type is paired with a unique job type, except possibly due to discretization.
Existing literature restricts attention to explicitly assortative cases or identifies conditions under which
assortative predictions hold (see Eeckhout and Kircher (2018), Chade and Eeckhout (2018, 2020, 2023),
and Calvo, Lindenlaub, and Reynoso (2024) for recent prominent examples).

An important open question is how to characterize sorting models outside of the polar cases where the
output function is supermodular or submodular. In this paper, we introduce a new class of sorting models
where the output function is concave in the skill gap between workers and jobs. We show that concave
costs of mismatch arise generally when firms mitigate variable costs of mismatch with fixed investment
as in Stigler (1939) and Laffont and Tirole (1986, 1991). We formulate our assignment model within the
framework of optimal transport theory (Monge, 1781; Kantorovich, 1942; Villani, 2009) and show that
this class of economies gives rise to equilibrium sorting, wages, and comparative statics that contrast
sharply with — and are significantly richer than — those derived from assortative sorting models.

In the traditional assortative sorting setting, the optimal assignment depends only on the output
function and not on the distributions of workers and jobs. In our setting with concave costs of skill gaps,
both technology and the worker and job distributions determine optimal sorting. This joint dependence
poses the main challenge in characterizing optimal sorting, wages, and comparative statics and results in
a new sorting pattern that we call composite sorting.

Composite sorting has two main new features that sharply contrast with assortative sorting. First,
a given worker type can simultaneously be part of both positive and negative sorting. Second, distinct
worker types sort into the same occupation — providing a new mechanism for earnings variation within
occupations. In sum, composite sorting introduces an intermediate case between positive and negative
sorting that we show is analytically tractable.

We start by describing two structural properties for composite sorting. First, an optimal assignment
maximizes the number of perfect pairs, which are pairs without skill gaps. Since output costs of skill gaps

are concave, it is preferable to have one pair with a small and one pair with a large skill gap, as opposed

'We use the term assortative sorting to refer to positive and negative sorting.



to two pairs with medium skill gaps. A perfect pair together with a pair with a large skill gap exemplifies
this. Second, pairs of workers and jobs should not intersect. Visualize two pairs as arcs. When the arcs
intersect, two medium-sized skill gaps occur. With concave costs of skill gaps, it is preferable to have one
large and one small skill gap — pairings that do not intersect. This non-intersecting condition implies
that the sorting problem can be decomposed into layers of independent problems. The layers are derived
from a measure of underqualification that evaluates the worker skills compared to the job requirements
up to a given skill level. A layer contains an equal number of workers and jobs determined by a particular
slice of this measure of underqualification. An overall optimal assignment combines the perfect pairs with
the optimal assignments on each layer.

Our main result for the primal assignment problem (Theorem 1) establishes a significant reduction
in complexity when the distributions of workers and jobs are mixtures of normal distributions.? This
result enables quantitative analysis with a large number of worker and job types. Theorem 1 shows that
if the worker distribution is a mixture of n normal distributions and the job distribution is a mixture
of m normal distributions, then each layer contains at most n + m — 1 pairs. This result builds on the
theory of variation diminishing transformations and Pélya frequency functions (Schoenberg, 1930, 1950;
Karlin, 1968). The technical tools relate to those used in recent work on stochastic dominance (Pomatto,
Strack, and Tamuz, 2020), on matching and information disclosure (Chade and Pram, 2024), and on
multinomial stochastic choice rules (Sandomirskiy and Tamuz, 2023, 2024). While direct computation of
the assignment problem is infeasible for a non-trivial number of types,® Theorem 1 delivers a significant
reduction in complexity for the primal assignment problem that enables our quantitative analysis with
many worker and job types.

Having characterized these properties of composite sorting, we generalize its scope by characterizing
a more general class of output functions for which composite sorting applies. We characterize this class of
surplus functions from the central feature that optimal pairings of workers and jobs do not intersect. By
doing so, we show that composite sorting is optimal when the output function is same-sided submodular
and decreasing in the skill gap (Proposition 2). We use this characterization to connect composite sorting
to several economic frameworks, or close variants of them. We show that composite sorting (¢) applies with
other mismatch technologies in labor economics (Baley, Figueiredo, and Ulbricht, 2022); (ii) arises with
production technologies of hierarchical sorting models (Garicano, 2000; Garicano and Rossi-Hansberg,

2006); (417) characterizes commuting patterns in urban economics (Lucas and Rossi-Hansberg, 2002); and

2Normal mixture distributions are weakly dense in the set of all distributions.
3See, for example, the Hungarian algorithm in Burkard, Dell’Amico, and Martello (2012).



(iv) describes trade patterns in spatial trade theory (Rossi-Hansberg, 2005).

Our second main contribution is the full characterization of equilibrium wages and firm values — the
solution to the dual assignment problem (Theorem 4, Theorem 5, and Theorem 6). A striking outcome
is that wages and firm values exhibit a regional hierarchical structure, fundamentally different from the
classical sorting models.

We first show that the dual solution can be segmented by skill regions, within which the equilibrium
wages and firm values are determined by regional conditions. In other words, for any given skill group,
the relative earnings of workers in that group depend only on the output and the assignment within that
group. Relative earnings in one skill region are independent of the workers, jobs, and output in other
skill regions. Second, we establish that the hierarchical structure aggregates the regional wages to wages
for larger groups, preserving relative wages in smaller regions. This hierarchical assembly ensures that
global dual feasibility holds when we stitch together regional solutions. The main technical challenge
in the construction of the dual is to reconcile local wage determination with global constraints, and our
construction shows explicitly how to achieve this. Theorem 5 shows that our hierarchical solution implies
a sharp reduction in complexity due to a limited number of distinct regional structures. This result makes
the dual problem numerically tractable.

Our third main contribution is characterizing comparative statics. In traditional assignment models,
sorting is determined solely by the output function and is thus invariant to technological change as long as
the output function remains supermodular or submodular. In contrast, composite sorting depends on both
the output function and the distributions of workers and jobs. This joint dependence poses new challenges
for comparative statics, which leads us to developing a different approach leveraging the characterization
of equilibrium sorting with concave costs of skill gaps. We prove that sorting becomes more positive, by
which we mean larger in concordance order, when the cost of skill gaps is less concave (Theorem 7). In
order to show this, we provide a new characterization of the classical cyclical monotonicity specific to
concave costs of skill gaps.

Finally, we quantitatively illustrate our framework. One of the distinctive implications of our model
among assignment models is that equilibrium features earnings dispersion within occupations and, hence,
we apply our model to evaluate earnings dispersion within and across occupations. The quantitative
model analyzes the implications of concave costs of skill gaps for sorting and earnings dispersion within
occupations in isolation. We also use our framework to quantify the determinants of changes in earnings

in the United States between 1980 and 2005.



Related Literature. The understanding of sorting when output is neither submodular nor supermodular
is limited; see Chade, Eeckhout, and Smith (2017) and Eeckhout (2018) for recent reviews.

Closest to this paper, Sargent and Stachurski (2025) develop a textbook exposition and computa-
tional replication of our framework. Their lecture also presents detailed Python code for computing the
equilibrium assignment, wages, and firm values.*

Two recent papers are also particularly relevant to our paper, as they characterize optimal transport
models with non-convex costs.

First, an influential paper by Fajgelbaum and Schaal (2020) studies a different but related equilibrium
transport problem where non-convexity plays an important role. They consider optimal transportation on
a network where the planner can invest in infrastructure to mitigate the cost of transporting goods along
specific edges. Mitigation of costs via investment, as in our work, induces concavity of the cost function.
When the planning problem is convex, Fajgelbaum and Schaal (2020) characterize the equilibrium using
convex duality. In contrast, when the planning problem is non-convex, they argue that the problem
becomes significantly more complex. For the case when there is a unique commodity produced in a single
location, they prove that the optimal transport network is a tree. Moreover, for the non-convex costs
they are also able to numerically solve several more general cases and show how the optimal network
concentrates transport flows along major routes. Our problem is different as the cost is concave in the
skill gap, as opposed to being concave in flows as in Fajgelbaum and Schaal (2020). For our setting with
concave costs of skill gaps, we provide a complete analytical characterization of the primal solution, the
dual solution, and comparative statics and use this characterization to compute the equilibrium.

Second, the most technically related paper is Echenique, Root, and Sandomirskiy (2025) who study
stability in non-transferable utility matching markets with aligned preferences, compared to transferable
utility markets in our paper. Their main result establishes a connection between stability and a con-
cave optimal transport problem, which leverages the non-crossing property to derive a non-combinatorial
characterization of their primal problem. In addition, Perez-Richet and Skreta (2022, 2025) study a
falsification-proof mechanism with a cost function that may be convex or concave in the distance be-
tween the natural score and the falsified score. They show that this mechanism design problem can be
represented as an optimal transport problem and study its dual representation and comparative statics.

Our paper also relates to the assignment literature with investment (Cole, Mailath, and Postlewaite,
2001; Noldeke and Samuelson, 2015). In this literature, both sides of the markets make sunk investment

decisions into their type before entering the assignment market, which leads to inefficiencies due to

4See the QuantEcon lecture at https://python-advanced.quantecon.org/.
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coordination failures. Different from these papers, we only consider a single investment made by firms
into the technology before entering the assignment market or, equivalently, by the worker-job pair. With
such one-sided investments, there are no coordination failures.”

More generally, this paper is part of a growing literature that builds on optimal transportation
theory to solve economic problems (see Villani (2009), Galichon (2018), and Sargent and Stachurski
(2024) for comprehensive overviews). One example is recent work on multimarginal assignment problems
(Chade and Eeckhout, 2018; Eeckhout and Kircher, 2018; Boerma, Tsyvinski, and Zimin, 2025) in which
multiple agents work together in a team as in Kremer (1993).° There is mathematical work on optimal
transport with concave distance costs started by Gangbo and McCann (1996) and McCann (1999) as
well as literature on algorithmic sorting problems with distance costs (Werman, Peleg, Melter, and Kong,
1986; Aggarwal, Barnoy, Khuller, Kravets, and Schieber, 1995; Delon, Salomon, and Sobolevski, 2012;
Ottolini and Steinerberger, 2023). Our first contribution to this technical literature is to derive a new
characterization of the primal problem for normal mixture distributions that significantly reduces the
complexity of the problem and facilitates our quantitative analysis. Our second contribution is to provide
a full construction of the dual solution in a model of concave cost of skill gaps. The regional hierarchical
structure of the dual solution is central to the analysis of equilibrium wages. Third, our approach to
comparative statics, leveraging the characterization of the optimum, differs from Anderson and Smith
(2024) as their conditions for more positive sorting are not satisfied in our setting. Instead, our analysis
of the primal problem leverages the use of the variation diminishing property that is also important in
recent work of Pomatto, Strack, and Tamuz (2020), Sandomirskiy and Tamuz (2023, 2024), and Chade
and Pram (2024).

2 A Simple Model of Composite Sorting

In this section, we develop a simple economy to illustrate when composite sorting arises. Specifically,
we develop an assignment model in which investment mitigates the costs of mismatch between workers

and jobs and results in concave costs of skill gaps. This is a setting where the output function is neither

5Specifically, our equilibrium notion in their language is that of ex-ante equilibrium with perfectly transferable
utility. Noldeke and Samuelson (2015) show that with one-sided investment choices ex-post equilibrium and ex-ante
equilibrium are equivalent, and that every ex-ante equilibrium is pairwise efficient.

6Kremer and Maskin (1996) study a role assignment model where a single population of workers is split to work
into teams as managers and assistants, which relates to optimal transport problems with a fixed sum of marginal
distributions (Rachev and Riischendorf, 1998). Anderson (2022) provides the most comprehensive analysis for this
class of models and shows that positive clustering is optimal. Porzio (2017) uses optimal transport theory to study
a model with a technology decision that scales output produced by the team, similarly to productive capital.



supermodular nor submodular. Importantly, we thus introduce an environment that interpolates between
the canonical cases of supermodularity and submodularity that yield assortative sorting.
In Section 5, we generalize the scope of composite sorting by providing a more general class of output

functions that are neither supermodular nor submodular and induce composite sorting.

2.1 Environment

The economy is populated by risk-neutral workers and jobs. Workers differ in skills indexed by x. The
set of worker skills X contains a finite number n of types z1 < zo < --- < x,,. Workers are distributed
according to the cumulative distribution function F'(z).
Jobs differ in difficulty indexed by z. The set of job types Z contains a finite number m of types
21 < 29 < -++ < zp.' Jobs are distributed according to the cumulative distribution function G(z).®
Firms produce a single good. Production requires one worker for each job. The output generated by

a worker with skill z in a job with complexity z is:
y(z,z) = a(z) +0(2) — c(z, 2). (1)

The first term a(x) is increasing and reflects that a more skilled worker contributes more to production,
independent of the job. The second term 6(z) is also increasing and reflects that a more difficult job z
produces more output independent of the worker that fulfills the job.” The third term reflects the cost
of mismatch, which captures that output is reduced when worker x < z works in job z.

To fix ideas, consider a linear function that penalizes mismatch when a worker is underqualified, that

is, when job complexity z exceeds worker skill x, or z > x:

c(z,z) =v(z — x) (2)

where the parameter v > 0 governs the output cost of skill gaps z — =, which is the gap between worker
skill z and job complexity z. Output losses are larger with less skilled workers. When a worker is

overqualified (x > z), output is not penalized, that is, c¢(x, z) = 0.

Mitigating Mismatch. The key ingredient to this model of composite sorting is technology choice.

Firms can mitigate output losses through technology adoption. The main insight of Stigler (1939) and

A single position is referred to as a job, and its type is called the job type. Collectively, all jobs of a particular
type are called an occupation, in line with their empirical analog in Section 8.

8For our main results, it does not matter whether the distributions of workers and jobs are discrete or continuous,
and whether the masses of workers and jobs are equal. To avoid presenting non-essential technical details, we present
all results for the case of discrete distributions with equal masses of workers and jobs.

9The assumptions on « and  are natural, but they do not affect equilibrium sorting.
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Figure 1: Concave Costs as a Minimum Cost of Affine Technologies

Figure 1 illustrates that concave costs of mismatch naturally arise as the lower envelope of affine cost functions. The orange solid line,

which is the lower envelope of the affine dashed cost functions, is concave for z > x.

Laffont and Tirole (1986, 1991), translated to our framework, is that fixed investment to reduce variable
costs results in an effective output function with concave costs of underqualification.

We model a firm making a technology choice to reduce variable costs of skill gaps when its worker is
underqualified. Let technologies differ in terms of their variable costs v > 0 and their fixed costs ¥(v),
where W(~y) is strictly decreasing so that lower variable costs require larger fixed investments, and let at

least two technologies be available. For z > x, the effective cost is given by:

cla,2) = min (3(: = 2) + ¥(3)) = C( = ). (3)

The effective cost is thus a minimum of increasing affine functions of underqualification z — z. As a
minimum of affine functions, C is increasing and concave in underqualification z — x > 0 as illustrated
by the solid line in Figure 1. We normalize the minimum fixed cost to zero, or Iynel%l U(y) = 0, such that
¢(x,z) = 0 for all overqualified workers x > z. We denote the cost function of the skill gap by C(z — x).

In sum, an output function with linear mismatch costs and an investment choice results in an effective
output function with concave costs of skill gaps. These two model ingredients alone — linear mismatch

costs and technology choice — ensure that the output function is neither supermodular nor submodular,

as we establish in Section 2.2, and that composite sorting applies.

Definition 1. An assignment pairs workers and jobs. Given a worker distribution F' and a job distribution

G, the set of feasible assignment functions is II(F, G), which is the set of probability measures on the
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product space X X Z such that the marginal distributions of 7 onto X and Z are respectively F' and G.

We denote the support of assignment 7 by I'y = {(z, 2) : 7({(x, 2)}) > 0}.

2.2 Discussion

We next discuss the main features and extensions of the simple model environment of Section 2.1.

Neither Supermodular nor Submodular. The key feature of this simple model of composite sorting
is that the output function (1) with concave cost of skill gaps (3) is neither supermodular nor submodular.

The output function is not supermodular due to the concave cost of underqualification. In order to see
this, consider workers with skill {a, b} and jobs with complexity {b, d} where a < b < d. Supermodularity
requires positive sorting (a, b), (b, d) to deliver more output than negative sorting (a,d), (b,b). However,

since the cost of mismatch is increasing and concave in the underqualification: '’

Cd—b)+C(b—a)=>C(d—a) — y(b,d) + y(a,b) < yla,d) + y(b,b), (4)

which shows that the output function is not supermodular as positive sorting delivers less output than
negative sorting.

Moreover, the output function is also not submodular. Consider two workers with skill levels a and
b and two jobs with complexities a and b, where b # a. Submodularity requires the combined surplus of
pairs (a,b) and (b,a) to exceed the combined surplus of pairs (a,a) and (b,b). However, pairs (a,b) and
(b, a) have skill gaps and consequently lower output than the positive sorting (a,a) and (b, b) that gives
no skill gaps. Thus, the output function is not submodular either.

Output function (1) with concave cost of skill gaps (3) is an example of a class of output functions
that induces composite sorting. The key characteristics of this class of functions are that (i) output
decreases in the skill gap and (i) the output function is submodular when workers are underqualified
relative to jobs as well as when workers are overqualified relative to jobs. We show in Section 5 that

composite sorting applies for any output function with these characteristics.

Technology Choice. The idea that effective costs are the lower envelope of a collection of cost functions
is one of the classic ideas in economics (Harrod, 1931; Viner, 1931). This gives the distinction between
short-run and long-run cost curves. Setting up a better production facility gives a lower variable cost

against a higher fixed cost ¥U(). Cost minimization problem (3) is thus the linear analog of the classic

OFollowing mismatch cost (3), the first inequality is equivalent to c(a, b) + c(b,d) > c(a,d) + c(b, b).



analysis in Viner (1931) and Harrod (1931) to construct long-run cost curves from short-run cost curves.!'*

This construction also appears in Stigler (1939) and Laffont and Tirole (1986, 1991).

The closest specification in the optimal transport literature in economics is Fajgelbaum and Schaal
(2020). Technology choice (3) with a continuum of technologies is conceptually the same as their in-
vestment decision for transportation networks. When their planning problem is convex, Fajgelbaum and
Schaal (2020) characterize equilibrium using convex duality. When the planning problem is non-convex,
they show that the problem is significantly more complex. On the real line, when the cost of skill gaps
is convex, the output function is supermodular and sorting is positive (Becker, 1973). Composite sorting

provides a complete characterization for the concave costs of skill gaps on the line.'?

Two-Sided Concave Costs. Concave mismatch costs also take a prominent position in the trade and
urban economics literature as concave distance costs (see LeRoy and Sonstelie (1983), and Glaeser (2008)
for a textbook treatment). In this literature, the linear cost of transport between locations z and x is
c(x,z) = y|z — z|. With multiple transportation modes, differing in variable cost  and fixed cost ¥(~),
the minimum transport cost with mode of transportation choice is ¢(z, z) = glellr} (v|z — 2| + ¥(v)). The
minimum cost of transport is thus the lower envelope of affine cost functions, and is thus a concave function
of the distance |z — z| following Section 2.1. The intuition is that different modes of transportation are
preferred for different distances. Walking has no fixed cost but a high time cost per unit distance, optimal
for short distances. The automobile has significant fixed cost and a lower time cost per unit distance,
optimal for long distances. As a result, the variable costs reduce with distance, which characterizes the
concave function. This setup shows that composite sorting equally applies to settings where supply and
demand are horizontally differentiated, such as across locations, rather than vertically differentiated.
Concave distance costs also appear directly as a model primitive in the trade and urban economics
literature in the iceberg cost specification. Iceberg trade costs assume that only a fraction exp(—v|z — z|)
of the goods sent from location x arrive at destination z. This implies that the trade cost is given by
c(xz,z) = 1 — exp(—|x — z|), which is a concave function of the distance. We use the observation that

iceberg trade costs are concave in distance to connect composite sorting to the literatures on spatial trade

UFor the case of long-run cost curves with decreasing marginal costs, see Viner (1931) for a discussion on “Net
Internal Economies of Large Scale Production”.

12Tn Fajgelbaum and Schaal (2020), the planner chooses fixed investment I to minimize the variable transport
costs associated with transport flow @ for each link of a transportation network. They parameterize the investment
decision as ¢(Q) = min Q*+AI~"+ I, which is an example of (3) with variable cost v = =" and fixed cost ¥ () = I.
The effective costs of transport flows are proportional to Q%?r, and are thus concave when n > . This example
illustrates that composite sorting also applies if the initial mismatch costs are convex as long as the investment
cost function ¥ is more convex.



theory and spatial urban economics in Section 5.2.

The mismatch costs in the spatial trade and urban literature naturally yield concave distance costs
when z > = and when x > z. We now generalize our cost function to allow for mismatch costs when a
worker is overqualified (z > z) following, for example, Lise and Postel-Vinay (2020). This extension is
not necessary for composite sorting to apply, but strictly generalizes our findings. Specifically, consider:

(o.2) = (2 — ) if z > x; )
Yu(x — 2) it z < x.

The first case reflects that underqualification (z < z) leads to production losses governed by ~, as before.

The second case reflects that workers with skills x that exceed the job complexity z are overqualified and

need to be compensated for their utility cost (as in Rosen (1986)).'® Firms can similarly reduce the extent

to which overqualification penalizes worker utility by providing amenities. Applying the technology choice

to each side yields an effective output function with two-sided concave cost:
y(,2) = afx) +0(2) — Cp(z — ) — Culz — 2) (6)

where C, and C, are increasing and concave on the positive segment and zero otherwise.

We use the effective output (6) to define the effective costs of skill gaps as:
c(z,z) = a(z) +0(2) —y(z,2) = Cp(z — ) + Cy(z — 2). (7)

The cost of skill gaps is the maximal output of worker x and job z minus effective output y(x, z). Thus,

the cost function is concave in the skill gap, the discrepancy between worker x and job z.

2.3 Planning Problem

We solve two planning problems to characterize an equilibrium.'* We first solve a primal planning problem
to characterize an equilibrium assignment. The primal planning problem is to choose an assignment to
maximize aggregate output:

max / y(z, z)dmr (8)

mell

BFollowing the labor literature, the interpretation is that overqualification increases disutility of work and hence
reduces surplus for a worker-job pair. Within our framework of transferable utility, these disutility costs can directly
be written as reducing the surplus. The cost function nests ¢(x, z) = |z — z| for the special case with v, = v, = 7.

14The equilibrium definition is standard and is presented in Technical Appendix B.1 for completeness.
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and is equivalent, in terms of choosing an optimal assignment, to a planning problem that minimizes the
costs of mismatch:

min / o(z, ) dr, (9)

well

where c¢(z, z) represents the concave cost of skill gaps (7). The key difference from classical assignment

problems is that the cost function (7) is neither supermodular nor submodular, as discussed above.

Dual Problem. In order to obtain equilibrium wages w and the firm value function v, we solve a dual

problem. The dual problem is to choose functions w and v that solve:

min / w(z) dF + / o(2)dG, (10)

subject to the constraint w(x) 4+ v(z) > y(z, z) for any (x, 2) € X x Z. The Monge-Kantorovich duality
states that the values of (8) and (10) are the same: max [ y(z, z) dm = min [w(z)dF + [v(z)dG.

We use the following relation between the planning problem and the dual problem.

Lemma 1. Suppose that assignment 7 € II and functions w and v are such that w(z) + v(z) > y(z, 2)
for any (x, z) and that w(z) + v(z) = y(x, z) for any (z,z) € I'x. Then the assignment 7 is an optimal

assignment and (w,v) is an optimal dual pair.'®

3 Composite Sorting

This section introduces composite sorting. First, we establish that, in contrast to the classic assignment
models, optimal sorting depends not only on the surplus function but also on the distributions of workers
and jobs. The joint dependence on both the production function and the distributions introduces signif-
icant challenges in characterizing sorting, wages, and comparative statics. Second, we provide a stylized

example in which composite sorting arises to develop intuition for Section 4.

Assortative Sorting. In the classic assortative assignment setting (Becker, 1973), sorting is positive or
negative depending on the surplus function and does not depend on the distributions of workers and jobs.

We first observe that optimal sorting in our environment with concave costs of skill gaps, rather than

15Suppose the assignment m and the functions (w,v) satisfy the assumptions in Lemma 1. Then it holds that
[y(z,z)dr = [w(x)dF + [v(z)dG. By linear duality, the maximum for the primal problem is attained by m and
the minimum for the dual problem is attained by (w,v), as required.

11



being determined by the production function alone as in the classic assortative problems, also depends
on the distributions of workers and jobs.'©

This shows the main challenge in the environment with concave costs of skill gaps — both technology
and the worker and job distributions determine optimal sorting. In order to make this point, we show
that for the same concave costs of skill gaps, the optimal sorting pattern differs due to differences in
the distributions of workers and jobs. Specifically, we show that our sorting problem, with the output
function that is neither supermodular nor submodular, can feature positive and negative sorting for
different distributions of workers and jobs.

Consider a problem with two workers and two jobs. Worker skills are given by x; and xx and job
difficulties are given by 27, and zp satisfying x;, < z;, < xg < zg. Let the distance between x; and z; be
given by d;; = |z; — 2.

First, positive sorting can be optimal. Consider the following configuration of distances: d% I +d§{ g <
d%H + dqu with the cost function c(z,2) = |z — 2|¢ with ¢ € (0,1). The low-skill worker z; and the
low-complexity job zy as well as the high-skill worker zy and the high-complexity job zpy are close to
each other, while the skill gap between the low-complexity job zy and high-skill worker zjr is large. It
is natural to pair the low-skill worker with the low-complexity job and to pair the high-skill worker with
the high-complexity job to minimize the costs of skill gaps and, hence, sorting is positive. That is, when
worker-job skill groups are far apart, it is optimal to sort within those groups.

Second, negative sorting can be optimal. Consider the opposite configuration of distances where
d% L+ d(j:{ > d% gt d% .- In this case, the high-skill worker and the low-complexity job are close to each
other, while the distance between the low-skill worker and the low-complexity job as well as the distance
between the high-skill worker and the high-complexity job is large. Since the cost of skill gaps is concave
in the gap between the worker’s skill and the job’s complexity, it is optimal to pair the high-skill worker
with the low-complexity job — having one small skill gap and one large skill gap is better than having

two medium-sized skill gaps.

Composite Sorting. We next show that our environment gives rise to a new sorting pattern, which we
call composite sorting. This new class of sorting is significantly richer than assortative sorting. Composite

sorting has two characteristic features: distinct worker types work in the same occupation, giving rise to

16Sorting also depends on the input distributions under other departures from the classic assortative assignment
setting such as search and information frictions (which we discuss in Section 8), stochastic sorting (see, e.g., Chade
and Eeckhout (2026)), or multidimensional characteristics (Tinbergen, 1956; Lindenlaub, 2017; Boerma, Ottolini,
and Tsyvinski, 2025). In this paper, the surplus function alone determines the dependence of equilibrium sorting
on the distributions of unidimensional worker and job characteristics.
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Figure 2: An Example of Composite Sorting

Figure 2 illustrates composite sorting with four workers and four jobs. First, distinct worker types are paired with identical occupations.
A low-skill worker zy and a high-skill worker xg both work in the identical high-complexity occupation zp, while the medium-skill
worker xps does not work in this occupation. Second, a worker type is simultaneously part of both positive and negative sorting. A
low-skill worker 1, is paired positively with a low-complexity job zp (part of positive sorting (zr,zr) and (zg,zg) in blue) and the

same worker type is paired negatively to a distant high-complexity job zy (part of negative sorting (zr,2p) and (zas, zps) in orange).

earnings dispersion within occupations, and a given worker type can be simultaneously part of positive
and negative sorting. In order to introduce composite sorting, we first consider an assignment problem
between three workers and three jobs in the bottom half of Figure 2. Since the skill groups are far apart,
it is optimal to positively sort within groups.

The top half of Figure 2 introduces an additional low-skill worker 7, and an additional high-complexity
job zg. One could break the medium-skill worker-job pair (x7, zps) such that the added low-skill worker
is assigned to the medium-complexity job forming a pair (xr, zps) and the added high-complexity job is
assigned to the medium-skill worker forming a pair (xps, zgr). This gives two medium-sized skill gaps.
Instead, pairing the added low-skill worker to the added high-complexity job forming (zr,zp), while
preserving the medium-skill pair (x,7, zpr), results in one small skill gap and one large skill gap, which
is preferred by the concavity of the mismatch cost. The added low-skill worker x; and high-complexity
job zp are thus optimally paired as indicated by the arc in Figure 2.

The optimal assignment features composite sorting. First, distinct worker types are paired to the
same occupation. In Figure 2, a low-skill worker x; and a high-skill worker x g both work in the identical
high-complexity occupation zg, while the medium-skill worker z,; does not work in this occupation.
Second, a worker type is simultaneously part of positive as well as negative sorting. In Figure 2, a low-
skill worker zp, is paired positively with the low-complexity job zj (part of the positive sorting (zr, z1)
and (xp, zy) in blue) and the same worker type is also paired negatively to the high-complexity job zy
(part of the negative sorting (x 1, zgr) and (xz, za7) in orange). This example shows that concavity of the
mismatch function and the distributions of workers and jobs jointly determine the optimal assignment,

and this gives rise to a new sorting pattern — composite sorting.
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4 Characterizing Optimal Sorting

This section characterizes optimal sorting. Section 4.1 describes structural properties for optimal sorting.
Theorem 1 in Section 4.2 proves a significant reduction of complexity of the assignment problem. The

formal statements and the proofs are in Appendix A.1.

4.1 Structural Properties

We start by describing two necessary conditions for optimality when the costs of skill gaps are strictly
concave: (1) maximal number of perfect pairs, and (2) no intersecting pairs. These conditions may not be
necessary when the cost is concave but not strictly concave, and in this case are satisfied by an optimal

assignment.

An optimal assignment maximizes the number of pairs that are perfectly sorted, i.e., the number of pairs
with no skill gap between workers and jobs, or x = z. When the costs of skill gaps are concave, it is
preferred to have a pair with a small skill gap and a pair with a significant skill gap rather than to
have two pairs with medium skill gaps. A perfect pair is an example of this since it has no skill gap.'”
Maximal perfect pairing shows that workers and jobs that are part of the common component of the
worker and job distributions are positively sorted. In analyzing the sorting problem between remaining
workers and jobs we can thus consider assignments between worker and job distributions for which the
common components are removed. For brevity, we re-label the remaining worker distribution F' and the
remaining job distribution G.

The second feature of an optimal assignment is that pairings between workers and jobs do not intersect.
We first describe intersecting and non-intersecting pairs. Consider two pairs and visualize their pairings
by arcs. We refer to pairs as intersecting when the arcs corresponding to the pairs intersect. When the
arcs do not intersect, they are non-intersecting pairs.18

For any two pairs (z,z) and (2/,2’) in an optimal sorting, their arcs do not intersect. There are six
distinct orderings of workers z’s (white circles) and jobs z’s (black dots) to consider: & ® > %%
@ /f:‘\‘ SE £ . The first four configurations do not contain intersections. To show

that no pairs intersect at an optimum, we argue that the final two configurations are not optimal. The

1"We remark that strictly convex costs of skill gaps instead imply that positive sorting is optimal, which generally
conflicts with maximal perfect pairing.

8More formally, arcs (z,z) and (2, 2’) do not intersect if and only if the intervals (z,z) and (z',2’) are either
disjoint or one interval is a subset of the other interval. When referring to an interval (z, z), we do not require that
the worker skills and job complexity are ordered: we mean the set of numbers between z and x on the real line.
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Figure 3: Layering

Figure 3 shows that if worker x and job z are paired, then there is the same number of workers and jobs in between skill levels « and
z. Suppose the number of workers and jobs in between skill levels  and z instead is not the same so that there is some worker & that
cannot be paired with a job inside (x, z). Worker & then has to be paired with a job Z outside the interval (x, z) which contradicts no

intersecting pairs.

fifth configuration is x < 2’ < z < 2’. Since the mismatch cost increases in the skill gap, an improvement
is to instead pair the closer points (z, 2’) and (2/, 2), as it reduces the mismatch cost for each worker and
hence the total mismatch cost. The sixth configuration is x < 2’ < z < 2’. In this case, we change the
pairing to one large skill gap (z, 2’) and one small skill gap (2/, z). By concavity, the cost is smaller than

two medium-size skill gaps.

Layering. A direct consequence of the no-intersection principle is that an assignment problem can be
decomposed into layers. In order to establish layering, first observe that if worker x is paired with job
z, then there is an identical number of workers and jobs in between skill levels « and z. Suppose the
number of workers and the number of jobs in between skill levels x and z are not the same. Then there
is a worker Z that cannot be paired with a job inside the skill interval (z,z). We illustrate this case in
Figure 3. As a result, worker Z has to be paired with a job outside the interval (z, z), which would lead
to the intersection of pairs (x, z) and (&, 2), contradicting no intersecting pairs. We conclude that there is
the same number of workers and jobs between optimally paired worker x and job z. With an equal mass

of workers and jobs of each type, this is equivalently to F(z) — F(z) = G(z) — G(x), or alternatively:

We use the observation that the number of workers and jobs between an optimally paired worker x
and job z is identical to decompose the overall sorting problem into sorting problems for different layers
of the measure of underqualification. The measure of underqualification H = F — G defines the extent to
which workers up to skill s outnumber the jobs requiring skills up to s, where s denotes a generic level on
the common axis (with skill levels X UZ) along which worker skills x and job complexities z are measured.
Since the number of workers and jobs in between optimally paired workers and jobs is identical, only
workers and jobs within the same layer of the measure of underqualification are paired in an optimal

assignment. To illustrate this, consider the layer (dashed line) of the measure of underqualification H
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Figure 4: Measure of Underqualification

Figure 4 illustrates a layer given a measure of underqualification H (solid orange line). Layering breaks the original assignment problem
into independent problems for each layer, such as the layer indicated by the blue dashed line. Since the number of workers and jobs in
between an optimally paired worker x and job z is identical, only workers and jobs within the same layer can be paired. That is, only

workers (s1,s3) and jobs (s3,s4) can optimally be paired.

(solid line) in Figure 4. Since only workers and jobs within the same layer can be paired, only workers
(s1,83) and jobs (s2,s4) can optimally be paired, resulting in a simple assignment problem with two
workers and two jobs. An optimal assignment between workers and jobs is thus the sum of optimal
assignments for each layer of the measure of underqualification H. This observation decomposes the
original problem into independent problems for each layer, which we formalize in Lemma 2.

In order to understand the formal statement of layering (Lemma 2), we define the measures of the
workers and jobs in each layer ¢, which we denote by Fy and Gy respectively. In order to obtain the
layers of the measure of underqualification, we identify the skill levels where underqualification increases
and the skill levels where underqualification decreases. The underqualification measure H takes a finite
number of values in ay < a1 < --- < ay, since there is a finite number of skill types. Underqualification
increases from ay to aeq1 at a skill level s if H(s_) < ay < ag41 < H(s), where s_ represents the limit
from the left. Analogously, the measure of underqualification H decreases from aysy1 to ay at a skill level
s if H(s—) > apy1 > ag = H(s). The set of skill levels where underqualification increases is denoted by
SZ := {s: H increases from a;_; to ay at skill level s} for all 1 < ¢ < L. Similarly, the set of skill levels

where underqualification decreases is denoted by Sj := {s: H decreases from ay to as—; at skill level s}.

19Tn each layer, there is an alternating configuration of workers and jobs — every worker skill level is followed by
a job difficulty level, possibly except for the last one.
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We then define the discrete measures of workers and jobs for all layers 1 < ¢ < L by:
Fp:= (ag — ap—1) Z Os and Gy :=(ag —ag—1) Z Os s
s€S] s€S}
where J, is the Dirac measure at a particular skill s. A layer £ contains all the points where the measure

of underqualification is valued in (as_1, ag), which thus has measures of workers and jobs given by F; and

Gy. It follows that F' =) Fy and G = ) Gy.

Lemma 2. Layering. Let my be an optimal assignment between the worker distribution Fj, and the job
distribution Gy for the layer ¢ € {1,..., L}. Then, an optimal assignment between workers F' and jobs G

is their sum, 7 := >, 1.

A formal proof of the layering property is presented in Technical Appendix B.2 together with examples
that illustrate the construction of layers and the use of the layering property in characterizing optimal

sorting.?’

Discussion. The impossibility of crossing first appeared in Monge (1781), as discussed by Villani (2009).
Non-crossing arcs are also a central feature of algorithmic sorting problems with distance costs (Aggarwal,
Barnoy, Khuller, Kravets, and Schieber, 1995; Werman, Peleg, Melter, and Kong, 1986) and of the
literature on optimal transportation with concave distance costs (Gangbo and McCann, 1996; McCann,
1999). In the economics literature, Echenique, Root, and Sandomirskiy (2025) also leverages the property
of non-crossing pairs to characterize their primal problem. Perfect pairing is a consequence of the non-
crossing pairs and is referred to as “mass stays in place if it can” (Gangbo and McCann, 1996; Villani,
2003). The observation that the impossibility of crossing arcs implies that the assignment problem can be
decomposed into a series of independent problems, or layers, is first made in Aggarwal, Barnoy, Khuller,

Kravets, and Schieber (1995) and used in Delon, Salomon, and Sobolevski (2012).2*

4.2 Characterization

In this section, we show that layering significantly reduces the complexity of the sorting problem. Since

layering implies that the assignment problem decomposes into independent problems across layers, the

20Tn the case of one-sided mismatch cost of underqualification (as in Section 2.1), solving the layers starting with
a job is trivial as the total cost can immediately be made equal to zero. Even in this case, however, our full theory
is needed to deal with the layers starting with a worker.

21A central result in optimal transport is Brenier’s theorem that relates the optimal map to the gradient of a
convex function (Brenier, 1991; Villani, 2003). When Brenier’s theorem holds, additional properties of the solution
can be derived for the concave costs of skill gaps (McCann, 1999; Pegon, Santambrogio, and Piazzoli, 2015) and
general increasing costs of skill gaps (Gangbo and McCann, 1996; Villani, 2003; Santambrogio, 2015; Clark, 2023).
In our setting, Brenier’s theorem does not apply.
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problem complexity is governed by the number of layers and the number of points per layer. If N is the
number of layers and M is the maximum number of points per layer, the complexity is O(NM?) since the
complexity of solving the assignment for a single layer is at most O(M?) using the Hungarian algorithm
(see, for example, Burkard, Dell’Amico, and Martello (2012)).%

For the important class of normal mixture distributions, we provide a characterization of the optimal
assignment that further reduces complexity. Specifically, we build on the theory of variation diminishing
transformations to provide a sharp upper bound to the number of pairs per layer. The key object in this
section is the excess skill supply function that captures the extent to which workers outnumber jobs at a
particular skill level.

In this section, we consider continuous distributions for worker skills and jobs for ease of exposition.
Throughout the paper, we consider discretizations of continuous distributions on Ny ordered skill levels
{si}. The discretized cumulative distribution function equals the original distribution function at each
skill level {s;}, or F(s;) = F(s;), except for the final skill where both discretized cumulative distribution

functions are equal to one.”

Definition 2. Let the density functions for workers and for jobs be respectively denoted by f and g.

The excess skill supply function h is given by the difference h = f — g.

When workers are in excess supply, the sign of the excess skill supply function is positive. When jobs are

in excess supply, the sign of the excess skill supply function is negative.

A necessary condition to obtain another crossing of a given layer is that the measure of underqualification
H changes direction. The direction of the measure of underqualification is given by the excess skill supply
function h. The measure of underqualification increases when workers are in excess supply and decreases
when jobs are in excess supply. This shows that the maximum number of points in each layer is less than
or equal to the maximum number of directions of the measure of underqualification H, or signs of the
excess skill supply function. Equivalently, the maximum number of points in each layer is less than or
equal to the number of sign changes of the excess skill supply function plus one, since the first point in a

layer does not require a change of direction.

22Tn practice, the complexity bound can directly be obtained from the underqualification measure after discretiz-
ing the worker and job distribution by computing the number of layers and the maximum number of points per
layer. The class of normal mixture distributions allows us to characterize the maximum number of points per layer.

23Formally, the discretized cumulative distribution function for workers is described by F(s) = F(s,,) if s, < s <
Spy1 forall 1 <n < N —1, F(z) =0if s < 5; and F(s) = 1 when s > sy. The discretized distribution F' and G
are increasing and right-continuous with left limits.
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The main result of this section (Theorem 1) shows a significant reduction of complexity in the primal
problem when the distributions of workers and jobs are normal mixture distributions. This result enables
our quantitative analysis with a large number of worker and job types. Moreover, normal mixture
distributions are weakly dense in the set of all distributions: for any probability distribution F' on the

real line, there exist distributions {F(”)}neN that are normal mixtures converging weakly to F' as n — oo.

Theorem 1. Characterization with Normal Mixture Distributions. Let the worker distribution be a
mixture of n normal distributions and the job distribution be a mixture of m normal distributions. Then
each layer in the measure of underqualification consists of at most n + m — 1 pairs. The same conclusion

holds for the discretized distributions F' and G for any collection of ordered skill levels {sz}f\il

We prove Theorem 1 by establishing that the excess skill supply function h changes sign at most 2(n +
m — 1) times. In turn, this implies there are at most 2(n +m — 1) 4+ 1 points on each layer. Since the
number of points in each layer is even, it follows that there are at most n +m — 1 pairs in each layer.
While we present Theorem 1 for continuous distribution functions for clarity of exposition, the result
holds for both the continuous and for the discretized distributions.

The proof is presented in Appendix A.2 and builds on the result that for a density of a signed measure,
its convolution with any normal density does not increase its number of sign changes (Lemma 6). The
proof uses Schoenberg’s theory of variation diminishing transformations and Pélya frequency functions
(Schoenberg, 1930, 1950).?* The most involved part of the proof is Lemma 6, which shows that the
variation diminishing property holds for convolutions of signed measures containing point masses with
Gaussian noise. A different but related technique is used by Pomatto, Strack, and Tamuz (2020) whose
proof techniques for their Theorem 1 uses that the convolution with a specific normal density reduces
the number of zeros of the density of a signed measure in the context of stochastic dominance with
independent noise. Similar technical tools were also recently used by Sandomirskiy and Tamuz (2023,
2024) for establishing the origins of the multinomial logit stochastic choice rule.

An important implication of Theorem 1 is a significant reduction in complexity of solving the sorting
problem. Specifically, we compare the efficiency of solving a discretized analog of the normal mixture
model to the efficiency of solving this model using the layering structure. This complexity bound makes

feasible quantitative analysis in Section 8 with a large number of worker and job types.

24The literature on total positivity building on this work (Karlin, 1968) has been used in information economics.
For example, see Jewitt (1987), Athey (2002), Choi and Smith (2017), Wilson (2019), Chade and Swinkels (2020)
and Chade and Pram (2024).
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Corollary 1. Suppose that worker and job distributions satisfy the conditions in Theorem 1. Let F.G
be discretizations on ordered skill levels {sl}J\Ll Then the time complexity of computing the optimal

)

sorting is O((m + n)3Ny).

By Theorem 1, the maximum number of pairs per layer is at most m+mn — 1 for the discretized measure of
underqualification H=F-G. Using the Hungarian algorithm, the complexity of solving the assignment
problem in a single layer is O((m + n)3). Since the number of layers is bounded above by the number
N of skill levels, the complexity after decomposing into layers is O((m + n)3Ns). In contrast, directly
solving the assignment problem with N skill types has complexity O(N2) and is not feasible even for

relatively modest numbers of job and worker types.?

Discussion. Due to Theorem 1, optimal sorting can be computed for a large number of worker and job
types using, for example, a standard linear program for each layer. In Technical Appendix B.3, we describe
the details of characterizing the optimal assignment within each layer. Sargent and Stachurski (2025)
present a concise description of the recursive algorithm that we use to compute the optimal assignment.

Finally, while we analyzed the setting where the worker and job distributions are given by normal
mixtures, the same results hold when the worker and job distributions follow lognormal mixture dis-
tributions. This follows directly from an exponential transformation of the skills, which preserves the
number of points per layer. This observation is used in our quantitative analysis in Section 8, where the

distributions of workers and jobs are described by discretized lognormal mixture distributions.

5 General Output Functions and Other Applications

We generalize the scope and applicability of composite sorting by characterizing a more general class of
surplus functions for which composite sorting applies in Section 5.1. We first characterize this class of
surplus functions from the defining feature that optimal pairings of workers and jobs do not intersect.
Second, we use this characterization to connect composite sorting to several economic frameworks, or

close variants of them, in Section 5.2.

5.1 General Output Functions

We characterize a family of output functions for which composite sorting applies. The characterization

follows from the observation that the key property in our analysis is the non-intersecting pairs property.

Z5Note that both m and n are typically quite small for most univariate datasets (McLachlan and Peel, 2000).
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Recall that among the six possible orderings of two workers (white) and two jobs (black), only two contain
intersecting pairs: &Y and SE&%% . To characterize a class of functions that imply non-intersecting
pairs at optimum, the class of surplus functions thus needs to rule out that these two configurations are
optimal. We next show that the optimality of intersecting pairs is ruled out by two conditions on the
surplus function: decreasing in the skill gap and same-sided submodularity.

First, to ensure that configuration SE is not optimal, it suffices that it is preferred to pair each
worker close rather than afar. For the first worker 1 < 21 < 29 this is ensured when y(z1, 22) < y(z1, 21).
For the second worker x5 this is ensured when z1 < z9 < x9 implies y(x2, 21) < y(x2, z2). This is ensured

when the output function is decreasing in the skill gap, which we define in Definition 3.

Definition 3. A function y is decreasing in the skill gap if for all (x1,x9, 21, 22) satisfying x1 < z2 <

21 < 22,

y(z1,21) < y(x2,21) and y(z1,22) < y(z1,21), (11)

and for all (z1, xe, 21, 22) satisfying z; < 22 < 1 < x9,
y(z1, 21) < y(xr, 22) and y(z2,21) < y(z1,21). (12)

Output increases with worker skill and decreases with job complexity in the underqualification region
(11), and the symmetric statement holds on the overqualification side (12). When a low skill worker and
a high skill worker face two jobs between them, it is preferred to assign each to the closer of the two. As
a result, the intersecting pairs in &Y are not optimal.

Second, to ensure that the configuration £E5% is not optimal, negative sorting has to be preferred
when all workers are on the same side of all jobs (such as z1 < 22 < 21 < 22) to rule out positive sorting.

This is ensured by same-sided submodularity in Definition 4.

Definition 4. A function y is same-sided submodular if for all (1, 22, 21, 22) satisfying x1 < 29 < 21 < 29

or z1 < 22 < 1 < To,

y(x1, 22) + y(z2, 21) = y(x1, 21) + y(22, 22). (13)

Any submodular function is same-sided submodular. However, it is generally not decreasing in the skill
gap. The concave cost function of Section 2.1 is same-sided submodular and decreasing in the skill gap.2°

However, it is not submodular as we discussed in Section 2.2.

26Proposition 9 in Appendix A.3 shows that output functions with concave costs of skill gaps (6) are same-sided
submodular and decreasing in the skill gap.
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When the surplus function is same-sided submodular and decreases in the skill gap, composite sorting

yields an optimal assignment.

Proposition 2. Composite Sorting. If the output function is same-sided submodular and decreases in
the skill gap, then composite sorting yields an optimal assignment 7. That is, 7 maximizes perfect pairs,

and the remaining assignment decomposes into optimal assignments for each layer.

The proof to Proposition 2 directly follows from the proofs in Appendix A.1 for the results in Section 4.
All proofs are written for the case where the output function is same-sided submodular and decreasing in
the skill gap. The proofs to all remaining results are also written for this general case. In sum, when the
output function is same-sided submodular and decreasing in the skill gap, composite sorting applies.?”
Finally, Proposition 3 provides an equivalent characterization of the class of output functions that are
same-sided submodular and decreasing in the skill gap when the output function is twice continuously

differentiable, with partial derivatives denoted by ¥., y., and the cross-derivative denoted by ..

Proposition 3. Let D_ := {(z,2) € R? : x < 2z} and Dy := {(z,2) € R? : 2 > z} denote the regions of
underqualification and overqualification, and suppose that the surplus is twice continuously differentiable

in both regions. Then the following two statements are equivalent.

(i) The output function is same-sided submodular and decreasing in the skill gap.

(i) On D_ U Dy, y, < 0. In the underqualification region D_ output increases in worker skills and
decreases in job complexity y, = 0 > y.; in the overqualification region D, output decreases in
worker skills and increases in job complexity v, < 0 < y,. Moreover, perfect pairing is preferred,

that is, for every = # z,
y(z, @) 2 y(z,2),  y(z,2) 2 y(z,2). (14)

The proof is presented in Appendix A.3. This equivalent characterization provides an easy way to verify
whether an output function falls within the class of functions that induce composite sorting. We use this

characterization in the next section to show how existing models relate to our framework.

5.2 Other Applications

Having characterized a class of functions for which composite sorting applies, we show how several existing

models relate to our framework. The connections to other mismatch technologies in labor economics and

2"More specifically, composite sorting applies when the interaction term between worker skills and job complexity
is same-sided submodular and decreasing in the skill gap since additional additive functions that either depend on
worker skills or on job complexity, such as a(x) and 6(z) in output function (6), do not affect optimal sorting.
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hierarchical assignment models are possible due to the characterization of the class of output functions
in Section 5.1. The connections to the spatial trade and spatial urban economics literature follow since
the canonical iceberg costs are concave functions in the distance. We provide detailed discussion on these

frameworks in Technical Appendix B.4.

1. Mismatch Technologies in Labor Economics. Baley, Figueiredo, and Ulbricht (2022) adopt an output

function where underqualification reduces output in a log-linear fashion:
y(z,z) = exp (nz — max(z — z,0)) (15)

where 7 € (0,1) such that the return on raising skill requirements z is positive if and only if the worker
is skilled enough x > z. Condition (ii) of Proposition 3 holds by direct calculation so that this output
function induces composite sorting.?® Baley, Figueiredo, and Ulbricht (2022) enrich their framework with
search and information frictions as well as multiple careers and aggregate fluctuations. As a result, their
paper is a natural bridge between this paper and the literature on rich quantitative frictional models of

the labor market. We further discuss this connection in Section 8.

2. Spatial Trade Theory. Composite sorting can also characterize equilibrium trade patterns in a trade
model with regions on a line similar to Rossi-Hansberg (2005), taking the spatial distributions of supply
and demand as given.?”

Consider an economy with a single commodity and locations s,r € [0, 1] on the unit interval. Sellers
have mass f(s), and buyers have mass g(r), each offering or demanding a single unit. Following Fujita,
Krugman, and Venables (1999) and Rossi-Hansberg (2005), the cost of transporting one unit from s to r
is 7(s,7) =1— e 157l which is the iceberg trade cost. Equilibrium trade minimizes aggregate iceberg

transportation costs [ 7(s,r)dr choosing m € II(f, g), which is our assignment problem with concave

costs (9).

3. Urban. We next show how composite sorting can characterize commuting patterns in spatial urban
economics. We adopt the commuting cost of Fujita, Krugman, and Venables (1999) and Lucas and Rossi-
Hansberg (2002) and characterize equilibrium sorting, taking the spatial distributions of workers and jobs
as a primitive. Following Lucas and Rossi-Hansberg (2002), we focus on symmetric equilibria such that

allocations and prices depend exclusively on the distance from the city center.

28See also Corollary 2 in Appendix A.3.
29Tn the full framework, these distributions themselves are equilibrium objects.
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Consider a circular city, where locations are indexed by distance from the center. Workers and firms
are heterogeneous only in terms of their location. The mass of workers across locations is g(s) while
the mass of employment opportunities is n(r). Workers incur financial commuting costs that depend on
the distance as in the seminal work of Alonso (1964), Mills (1967), and Muth (1969). Following Fujita,
Krugman, and Venables (1999) and Lucas and Rossi-Hansberg (2002), the commuting cost for a worker
residing in location s and working in location r is 7(s,r) = 1 — e~ 1571,

The assignment problem that characterizes equilibrium sorting of workers with firms is to minimize

aggregate commuting costs, min : [ 7(s,r)dnr, which is an assignment problem with concave costs (9).
T g,n

4. Hierarchical Assignment Models. In hierarchical assignment models, production requires knowledge.
We adopt the production technology for a given layer in this literature, which follows Garicano (2000)
and Garicano and Rossi-Hansberg (2006).3°

A worker encounters a problem that must be solved in order to produce. Output is 1 if the problem
is solved and 0 otherwise. The difficulty of a problem is indexed by its rank in the difficulty distribution.
Workers are characterized by their knowledge z, meaning they solve all problems with rank in [0, z).
We analogously characterize jobs by complexity z > 0, which means that a problem is drawn in [0, z).

Expected production of a worker x in a job z is thus:

y(z,z) =min{z/z,1}. (16)

Overqualified workers solve the problem with probability 1; underqualified workers with probability x/z.
Using condition (ii) in Proposition 3, we verify that this output function (16) is same-sided submodular

and decreasing in the skill gap so that composite sorting is optimal.?!

6 Wages and Firm Values

This section derives a full characterization of the dual solution to the sorting problem with concave costs of

skill gaps (10) and determines equilibrium wages and firm values. The main result of our dual construction

30 Another influential class of assignment models considers the assignment of tasks, which differ in terms of their
complexity, to workers who differ in skill (see, for example, Teulings (1995, 2005), Acemoglu and Zilibotti (2001),
Autor, Levy, and Murnane (2003), as well as Costinot and Vogel (2010)). Task assignment models feature positive
sorting, meaning that more skilled workers work on more complex nonoverlapping sets of tasks. Interpreting our
framework as a task-based assignment setting provides a model where workers of different skills perform the same
tasks, and under which a worker performs both easy and difficult sets of tasks.

31Perfect pairing is preferred, and the derivative conditions are trivially satisfied in the overqualification region
since output is constant. When the worker is underqualified, output increases with worker skill, decreases with job
complexity, and features a negative cross-derivative —1/22.
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is that equilibrium wages and job values form a regional hierarchical structure, fundamentally different
from classical assignment models. The main technical challenge we need to overcome in our construction
is to ensure consistency at every scale from regional to global scales via aggregation of the regional relative
wages.

The first part of this section characterizes the dual solution for mismatched workers and jobs. We
construct the mismatch penalty, denoted by ¢, and show that it has a regional hierarchical structure where
wages are determined independently within each region of skills without having to consider other regions.*?
We use these mismatch penalties in the second part of the section to construct wages w(z) = a(x) — ¢(x)

and firm values v(z) = 0(z) + ¢(z) for mismatched workers and jobs, and ultimately to construct wages

and firm values for all workers and jobs.

Mismatched Workers and Jobs. Let S = I U J denote the set of all skill levels, where I and J are
disjoint sets of worker skills and job complexities after the removal of perfect pairs. Suppose that an
optimal assignment 7 consists of n worker-job pairs {(x;, z;) }I_;. Our first goal is to construct mismatch

penalties, or a shadow cost of mismatch, ¢ : S — R such that for each worker x and every job z,

QS(:L') - QS(Z) < C(l’, Z)v (17)

which holds with equality if the assignment 7 pairs worker z to job 2.%3

Before formally describing the regional hierarchical structure, we illustrate the construction for the
dual solution given the optimal sorting captured by the arcs in Figure 5. A lower skill group has skills
in the interval between x1 and z;. A higher skill group has skills in the interval between zo and z2. The
relative shadow cost of mismatch for all skills within either the first or the second group is determined
within each group. Wage determination is thus regional, meaning that wages are determined within a
group independent of other groups. Wage determination is also hierarchical within groups: at each stage,
wages depend only on information from the skill group nested within the progressively larger group. In
the low-skill group, the wage is first determined for the innermost pair (xs,z3) that contains no nested

skill groups, and then for the outer pair (x1,21). The hierarchical structure shows that the construction

32 Another literature, which follows Garicano (2000) and Garicano and Rossi-Hansberg (2006), solves hierarchical
assignment models with heterogeneous workers. Knowledge is cumulative, such that more skilled workers know how
to solve a problem when less skilled workers do. Output is supermodular in worker skill, and sorting — the primal
solution — is positive and hierarchical. In this literature — as in Kremer and Maskin (1996) — hierarchy refers to
the assignment of roles within a pairing of individuals. Higher skill individuals manage lower skill individuals. We
establish a hierarchical structure in equilibrium wages and firm values — the dual solution — in Theorem 4.

33Setting 1(2) = —¢(2) for all mismatched jobs z € J, we equivalently construct the worker mismatch penalty
¢ : I — R and the firm mismatch penalty ¢ : J — R such that for each worker z and job z, ¢(x) + ¥ (z) < ¢(z, 2),
where the equality holds if the optimal assignment 7 pairs worker type = with job type z.
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Figure 5: Regional Hierarchical Structure

Figure 5 illustrates the regional hierarchical structure for the dual solution given the optimal sorting given by the arcs. A lower skill
region has skills in the interval between x1 and z; while a higher skill region has skills in the interval between zo and z2. The hierarchical
structure implies that the relative shadow cost of mismatch for all skills within either the first or the second region is determined within
the region. Wages are determined hierarchically within regions. In the lower skill region, wages are first determined for the innermost
pair (z3, 23), and then for the outer pair (z1,21). The numbers on the arcs indicate the sequence by which we move from low-level

pairs to high-level pairs.

of wages moves sequentially from low-level pairs to high-level pairs, as indicated by the numbers on the
arcs in Figure 5. For the high-skill group, the relative wage for the pair (z9, z9) is thus constructed from
the relative wages for both pairs (x4, 24) and (x5, 25). Finally, wages for the outermost pair (xg, z9) are
constructed using the relative wages for the first and second skill groups.

We now describe our hierarchical characterization of the mismatch penalties for composite sorting.
The hierarchical structure means that penalties within each region, by which we mean the interval between
two points in a pair, are constructed from the mismatch penalties in its subregions and do not depend on
other regions. Formally, a region is determined by a pairing (z¢, z9). The subregions of (x¢, 29) are given
by the subpairs {(z;, z;) }}_;, which are non-nested pairs inside the skill interval (o, z9). The hierarchical
structure leads to the following separation property of the global mismatch penalty ¢: for any two points
s and s in a region, ¢(s) — ¢(s’) can be computed only based on points within this region, and thus it is
independent of points outside this region. We describe this structure in detail below.

The hierarchical construction in each region is as follows. Consider a region (zg, zp) that contains
p subpairs {(z;,2)}_;. Each subpair comes with an associated mismatch penalty function ¢;, which
satisfies equation (17) for all workers and jobs inside the interval (z;, z;). We note that level shifts in the
mismatch penalties do not affect the relative mismatch penalty within the region. We can then construct
level shifts to obtain a mismatch penalty for the entire region.

Specifically, given a mismatch penalty function for each subregion, we construct a single mismatch
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function for the region. First, we ensure that mismatch penalty functions for the subpairs are consistent
with each other. We do this by shifting each of the penalty functions in level. Specifically, we construct
a mismatch penalty for the region on the domains of the subpairs:
P
P(s) = ¢i(s) + Z B + dp(xp) — di(zi) (18)
k=i+1
fori=1,...,p and for skills s € X|;, .,) and s € Z[mi,zi]'M In equation (18), level shifts are captured by
> Bk, with the convention that the sum equals zero when i = p. Without loss of generality, we normalize
the level shifts so that the mismatch penalty in the p-th subregion is unchanged.
In addition to specifying the mismatch penalty for all workers and jobs inside the region, we specify
the mismatch penalty on the boundaries at xp and zy. For job type zp, equation (17) requires ¢(zp) >

¢(x) — c(x, zo) for all workers in the region. Therefore, we set
B(z0) = max 9(x) — c(z, z0). (19)

Moreover, in order to ensure that equation (17) holds with equality for the pair (zg, 29), we specify the

mismatch penalty for worker xg as:

d(z0) = ¢(20) + c(z0, 20) - (20)

Given these definitions, we need to ensure for worker zg that ¢(zg) — ¢(z) < ¢(xo, z) for all jobs z in the
region. Using the specification of the mismatch penalty at the boundaries (19) and (20), for all workers

x and jobs z in the region it has to be that:

¢(x) = 6(2) < (w0, 2) + (2, 20) — (@0, 20) - (21)

In order to obtain a valid mismatch penalty of the form (18) for the region, the level shifts have to
satisfy conditions such that (17) and (21) hold. Consider a worker type z,, and a job type z,, where
n and m > n index subpairs. In order to satisfy condition (17), we require ¢(xn,) — ¢(zn) < c(Tm, 2n)
and to satisfy condition (21) we require ¢(z,) — ¢(zn) < c(xo, 2n) + c(Tm, 20) — ¢(x0, 20). Using the
proposed mismatch penalty (18), this requires i Br = max{coo — Con — ¢mo + Cnns Cnn — Cmn }, Where
cij = c(x;,25) for 4,5 € {0,...,p}. Consider n]g(?ral worker type z,, and a job type z,,. Similarly, it is
necessary that both ¢(z,) — @(2m) < (2, 2m) and @(z,) — d(zm) < e(x0, 2m) +c(zn, 20) — ¢(x0, 20), which

m
using the proposed mismatch penalty (18) requires > S < min{com + ¢no — €00 — Cmms Cnm — Cmm }-
k=n-+1

34The set of worker types between x; and z; is denoted X [z:,2:]- Lhe set of job types in this interval is Z,, .,
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In sum, the level shifters of the mismatch penalty (f2,...,[p) are necessarily a solution to the system of
inequalities:

m
rnaX{COO — Con — Cm0 + Cnn» Cnn — Cmn} < Z /Bk < min{COm + €no — €00 — Cmmy Cim — Cmm} (22)
k=n+1

foralll<n<m<p.

It is important to note that at each stage, we exploit the concavity of the cost function to establish
the existence of a solution to the system of inequalities (22) using Lemma 7. Thus, our findings on the
hierarchical structure for the dual problem are specific to concave costs of skill gaps. Regional groups
generally do not arise for convex costs. For instance, when all worker skills are below each job complexity,
the optimal assignment for a convex cost is positive sorting, which allows for no local regions (except for
the whole set) since any two pairs intersect. In sharp contrast, for a concave cost, every pair forms a
local region independent of how workers and jobs are located.

The idea of the hierarchical mechanism is to start from the pairs with no subpairs, and then pairs with
all subpairs analyzed in previous steps until all pairs are exhausted.?®> We present a condensed statement
of the theorem here and include the complete formal description of the regional hierarchical mechanism

in Appendix A.4, and the proof in Appendix A.5.

Theorem 4. Regional Hierarchical Mechanism for Mismatch Penalties. Let mismatch cost ¢ be such
that the output y = —c is decreasing in the skill gap and same-sided submodular. Given an optimal
assignment with non-intersecting pairs, the regional hierarchical mechanism constructs an optimal dual
pair (¢, 1) where ) = —¢.

Within each skill group, relative wages are determined regionally: for any two points s and s’ in a

skill group, ¢(s) — ¢(s’) depends only on the pairs within the group.

Our mechanism solves the problem in the order from bottom to top. At each step, the values of ¢ in the
hidden arcs need not be computed again but only adjusted with constant level shifts.
Theorem 5 establishes that our hierarchical solution results in a sharp reduction of complexity when

the distributions of workers and jobs are given by discretization of mixtures of normal distributions.

Theorem 5. Complexity of the Regional Hierarchical Mechanism for Mismatch Penalties.  Let the
worker distribution F' be a discretization of a mixture of n normal distributions and let the job distribution
G be a discretization of a mixture of m normal distributions with ordered skill levels {s;}*,. Then the

complexity of the dual potentials is O((m + n)*Ny).

35When there are no further subpairs, the final step is to choose level shifts to ensure consistency among the
existing pairs in the same manner we discussed above.
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The proof of Theorem 5 is in Appendix A.6. We first note that directly solving the dual problem as a linear
program with N; skill types has time complexity O(NZ), which is not feasible even for relatively modest
numbers of job and worker types. Instead, Theorem 5 establishes how we construct the mismatch penalty
for a large number of worker and job types by drastically reducing the complexity of the problem. We use
this result to compute the wages and firm values in the quantitative analysis in Section 8. In Proposition
16 of Technical Appendix B.5 we show further efficiency properties of our hierarchical construction for
empirical measures.

We next use the mismatch penalty functions to define worker earnings and firm values for the non-
overlapping segments of the worker distribution and the job distribution. Let wages w(z) = a(z) — ¢(x)
and firm values v(z) = 0(z) — 1¥(z), where we recall from the technology (1) that « reflects the worker
contribution to production independent of the job, and 6 reflects the value of the job independent of the
worker that fulfills the job. The first observation is that assignment 7w that solves the mismatch cost
minimization problem (9) also solves the output maximization problem (8). Moreover, w(z) + v(z) >
y(z, z) holds for all (z,z) with equality if worker z is assigned to job z under the optimal assignment,
where y(z, z) = a(z) + 0(z) — ¢(x, z). By Lemma 1, it thus follows that (w,v) is a dual optimizer for the
output maximization problem. In sum, given the mismatch penalty (¢,) for the minimization problem
without overlapping parts, the dual pair (w,v) for the maximization problem without overlapping parts

is obtained.

Adding Perfectly Paired Workers and Jobs. Up to this point, we determined worker wages and
firm values in the output maximization problem when there is no overlap between the distributions of
workers and jobs. These wage and value functions are used to construct worker wages and firm values
where there is overlap in the distributions.

We start with only mismatched workers and jobs and denote the wages constructed above by 0.3
We add perfectly matched firms and determine what income each firm could generate given mismatched
workers and wages w. The first auxiliary firm problem is to choose an employee among only mismatched
workers x € I. Formally, a firm with job z € § solves: 9(z) := max (y(z,z) — w(z)). We refer to 0 as
firm mismatch compensation, that is, profits firms can attain given a mismatched worker with wage .

We next introduce perfectly paired workers and present both mismatched and perfectly paired workers

with firm mismatch compensation v. We determine what wage income both the imperfectly and perfectly

paired workers would generate given the compensation required by firms. The auxiliary decision problem

36Recall that the sets of mismatched workers and jobs are I and J and that S = I U.J is the set of all skill levels.
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of a worker x € S is to choose any job, including the perfectly paired jobs, to solve:

w(x) == max y(z, z) — 0(2). (23)

As a result, we obtain wages w for both mismatched and perfectly paired workers.

Finally, we determine what profits v firms would generate given all workers and their required com-
pensation w. We set up a second auxiliary firm problem, which is the problem of a mismatched job z € J
choosing an employee among all workers (perfectly paired and mismatched) subject to wage schedule :

0(z) == max y(z, z) — w(x). (24)

We refer to ¢ as mismatched firm compensation, since it represents the profits of firm type 2z € J.
Equilibrium wages are formulated using auxiliary wages for mismatched workers, w(x) = w(x) for
all z € I, as well as mismatched firm compensation, v(z) = 0(z) for all z € J. Equilibrium wages equal
w(z) = a(x) + 0(x) — v(x) for all z € J and equilibrium firm values v are v(z) = a(z) + 0(z) — w(z) for
every job z € I. Theorem 6 shows that the wage function w and the firm value function v indeed solve

the dual problem for the full assignment problem.?"

Theorem 6. Dual Solution. The constructed functions (w, v) are a dual solution for the sorting problem,

that is, w(z) + v(z) > y(x, z), which holds with equality if the assignment 7 pairs worker z to job z.

The proof, as well as a formal analysis of the above mechanism, is in Appendix A.7.

7 Comparative Statics

In this section, we show two results on how sorting varies with changes in the output function. We show
that the analysis of comparative statics with concave costs of skill gaps is significantly richer and more
complicated than for the canonical assignment models. In contrast, with convex costs optimal sorting is
always assortative and thus does not vary with the extent of convexity. In this section, we develop a new
approach to comparative statics leveraging the characterization of optimal sorting with concave costs of
skill gaps. Theorem 7 shows that optimal sorting becomes more positive, by which we mean larger in

concordance order, as the cost function becomes less concave in the skill gap.®®

3TWe can extend the domain of wages w and values v to K = X \ (I UJ) by setting w(x) = max (y(z, 2) — v(z))

zeluJ
for x € K and v(z) = a(z) + 6(2) — w(z) for z € K.
38In Appendix A.8, we also derive a threshold for concavity beyond which optimal sorting in each layer is positive
when the concave mismatch cost is given by a power function (Theorem 11). This assignment, which we call layered
positive sorting, is the most positive assignment for our economy and does not imply positive sorting overall.
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Positive Sorting. For any two assignments 7 and 7 between a fixed pair of distributions of workers and
jobs, we say that assignment 7 is smaller in concordance order than 7, which we denote by « < 7, if for
any coordinate (x,z), less mass is concentrated in both the top-right and bottom-left quadrants under
assignment 7 than under 7. Intuitively, a more positive sorting corresponds to an assignment larger in
concordance order, and this equivalence was made precise by Tchen (1980).%°

A possible approach to analyze comparative statics would be to apply recent results of Anderson and
Smith (2024) who provide sufficient conditions under which sorting is larger in concordance order as the
output function changes. In Appendix A.8, we show, however, that their conditions are not satisfied in our
economy with concave costs of skill gaps, which leads us to develop a different approach to comparative
statics that relies on the characterization of optimal sorting with concave costs of skill gaps. The key
difficulty is to identify a local cyclical monotonicity condition specifically for concave costs.

Theorem 7 shows that optimal sorting is more positive when costs of skill gaps become less concave.

Theorem 7. Comparative Statics of Composite Sorting. Suppose that the cost of skill gaps ¢(z, z) is an
increasing concave function of skill gaps and that x is some increasing convex function so that ¢ = x(c) is
also an increasing concave function of skill gaps.? If 7 is an optimal assignment with cost ¢ that satisfies
the non-crossing property, then there exists an optimal assignment 7 with the less concave cost of skill

gaps ¢ such that m < 7.

We prove Theorem 7 in Appendix A.8. Since the distributions of workers and jobs remain unchanged
across different costs, the sorting problem is split into identical layers irrespective of the cost function.
Hence, Theorem 7 means that optimal sorting within each layer becomes more positive as the cost of
skill gaps becomes less concave. We now outline the two main steps of the proof.

First, for our setting with concave costs, we establish a new characterization of the classical cyclical
monotonicity specific to concave costs of skill gaps. If an optimal assignment is no longer optimal when
the costs are less concave with the mismatch costs ¢, there exists a pair (xg,z9) with positively sorted
subpairs {(z;,2)}_;, as in the top panel of Figure 6 (by Lemma 14), such that the local assignment
problem with workers and jobs {(z;,2)}}_, can be improved with more positive sorting shown in the
bottom panel of Figure 6. In order to prove this, suppose that in an optimal assignment with less concave

costs, the worker x¢g = &1 is instead optimally paired to job zp = Z; for some k. Second, we show in

39When assignment 7 is larger in concordance order, other measures of statistical association, such as the rank
correlation, the correlation coefficient, and Kendall’s tau coefficient are also larger for # than for = (Joe, 1997).

40That is, the cost function ¢(x, 2) is an increasing and concave function of skill gap (z — 2) on the region x > 2
and a (potentially different) increasing and concave function of skill gap (z — ) on the region z < z.
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Figure 6: Sorting When Costs of Skill Gaps Become Less Concave

Figure 6 shows an optimal assignment that is no longer optimal when the costs of skill gaps become less concave. In this case, there
exists a pair (xo, z0) with positively sorted subpairs {(z;, zi)}le, which we display in the top panel, such that the assignment with

workers and jobs {(z;, Zi)}f:g can be improved in a more positive fashion, as shown in the bottom panel.

Lemma 15 that since positive sorting is optimal on the interval (zg, z;) with a more concave cost of skill
gaps, positive sorting is also optimal on (zg, zx) with a less concave cost of skill gaps. We continue this
procedure to the right, that is, we start with worker x;1 = Z2 and repeat the argument, and obtain the
structure in the bottom panel of Figure 6.

In order to see that the optimal assignment becomes more positive, or larger in concordance order, we
make two observations. First, note that all successively positively sorted pairs in the top panel of Figure
6, such as (x1, 21), (22, 22) and (z,, 2p), are also formed in the bottom panel of Figure 6. Hence, they do
not affect the concordance order. Second, we observe that the bottom panel sorts the remaining workers
and jobs positively, which has the largest concordance order among all assignments. Since the top panel
does not sort the remaining workers and jobs positively, it follows that the assignment for the bottom

panel is larger in concordance order. Hence, all improvements make the assignment more positive.

8 Quantitative Results

In this section, we develop a quantitative illustration of the model. The distinctive feature of our model
among assignment models is that we obtain earnings dispersion within occupations and, hence, we apply
our model to evaluate earnings dispersion within and across occupations. The quantitative illustration

isolates the implications of composite sorting for sorting and earnings dispersion within occupations. We
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(a) 1980 (b) 2005

Figure 7: Earnings Dispersion by Occupation

Figure 7 displays earnings dispersion within occupation. On the horizontal axis, we rank occupations by the average earnings earned in
each occupation. For every occupation, we calculate the dispersion in earnings within that occupation. The size of the circle indicates

the share of employment within the occupation. The data pattern is summarized by the solid lines.

compare our results to settings with supermodular and submodular output functions, which are commonly
used in the assignment literature. Specifically, we highlight two features that uniquely arise due to the
output functions that exclude intersecting pairs: sorting is neither positive nor negative, and can generate
non-trivial wage distributions within and across occupations.

The quantitative exercise illustrates that composite sorting differs from the literatures on search and
information frictions by providing a mechanism without labor market imperfections to generate wage
dispersion within occupations and reduce the rank correlation between workers and jobs. We discuss the

connection to these literatures at the end of this section.

Our data sources are the Census IPUMS sample for 1980 and the American Community Survey for 2005.
We consider males between ages 16 and 64 who worked more than 39 weeks, and more than 35 hours
per week, during the previous year. Our measure of earnings is real annual wage and salary income
before taxes.*! Earnings are normalized by average earnings in that year. The data contains information
on the individual’s occupation and thus can be used to calculate the earnings distribution within every

occupation.*? The variation in the data that the model speaks to is wage dispersion of full-time workers

“Tncome includes wages, salaries, commissions, cash bonuses, tips, and other monetary income received from an
employer. We drop observations with earnings below a threshold to focus on workers who are attached to the labor
market. This minimum is equal to the federal minimum wage times 52 weeks at 40 hours per week.

42Tn order to ensure consistent definitions of occupations across the different years, we follow Autor and Dorn
(2013) by distinguishing 323 different non-farm occupations.
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within a career. Hence, we residualize hourly wages by regressing hourly wages on career-specific age
profiles and hours worked per week.*? In the baseline specification, we consider six careers following the
aggregation in Autor and Dorn (2013). We show robustness of the numerical analysis with respect to 25
different career classifications in Technical Appendix B.6.

Figure 7 shows earnings dispersion within occupations in 1980 and 2005. On the horizontal axis, we
rank occupations by average earnings in each occupation. For every occupation, we calculate the variance
of earnings within that occupation, where the circle size indicates the share of total employment within
the occupation. The salient data patterns are captured by the solid lines. First, earnings dispersion
within occupations is sizable, with average earnings variation within occupations equal to 0.17 in 1980
and equal to 0.36 in 2005. Second, earnings dispersion within occupations is relatively constant at the
bottom two-thirds of occupations but increases for the top third of occupations.

The total variation in earnings can be decomposed into two terms. The first term is the variance of
mean earnings across occupations, or the between-occupation variance. The second term is the average
of within-occupation dispersion of worker earnings weighted by employment. The total variation in
earnings in 1980 equals 0.19. Of this total variation, 0.17 is accounted for by earnings dispersion within
occupations, while 0.02 is accounted for by earnings dispersion across occupations. From 1980 to 2005 the
variation in earnings increased by 0.23 to 0.42. A sixth of this increase is attributed to increased variation
between occupations, while the remainder is attributed to increased variation within occupations. Over

the same time period, the rank correlation between workers and jobs increased from 0.31 to 0.36.%4

We evaluate the ability of our model to generate dispersion in earnings, its decomposition between and
within occupations, as well as the rank correlation between workers and jobs. We then use the model
to decompose increased earnings dispersion in the United States between 1980 and 2005 into supply and
demand side factors.

We parameterize the economy separately for 1980 and 2005. The worker distribution F' is a discretized
lognormal distribution, logz ~ N (piz, 02). We set average worker skills to one in levels, or y, = —02/2,
and normalize a(s) = 0(s) = s. The distribution of jobs G is a discretization of a mixture of two lognormal

distributions with mean p; and variance 012 for each distribution i € {1,2}. The mixing weight is given

43Erosa, Fuster, Kambourov, and Rogerson (2024) show that within-occupation earnings dispersion is 70 percent
larger than within-occupation wage dispersion. We analyze wage dispersion since we do not model working hours.

44This variance decomposition is used by Kambourov and Manovskii (2009) to document wage dispersion between
and within occupations in the PSID from 1969 to 1996, and by Helpman, Itskhoki, Muendler, and Redding (2016)
to analyze wage dispersion between and within occupation and sector in Brazil. Alvarez, Benguria, Engbom, and
Moser (2018) and Song, Price, Guvenen, Bloom, and Von Wachter (2019) use this decomposition to analyze wage
dispersion between and within firms in Brazil and the US.
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(a) 1980 (b) 2005
Figure 8: Data and Model Distributions of Individual Earnings

Figure 8 compares the empirical earnings distribution to the model earnings distribution. The empirical distributions are represented

by solid colored lines, while the model distributions are presented by black dashed lines.

by p. We set the cost of mismatch c(z, z) = |z — 2|¢ for ¢ = 0.5, and show robustness of our findings with
respect to ¢ € (0,1) in Technical Appendix B.6.

We use the cross-sectional earnings distribution and earnings dispersion within occupations to inform
the worker and job distributions. Specifically, we choose model parameters to minimize the squared
loss between the following model and data statistics: earnings at each percentile (Figure 8), earnings
dispersion within occupation at each occupation rank (Figure 9), and the rank correlation between workers
and jobs. The calibrated model parameters are summarized in Table B.1 in Technical Appendix B.6.
The parameters imply that there are more low and high-complexity jobs and fewer jobs with medium
complexity in 2005. In line with the labor market polarization literature, we thus find that the distribution
of jobs has become more polarized (Acemoglu, 1999; Autor, Katz, and Kearney, 2006; Autor and Dorn,
2013; Goos, Manning, and Salomons, 2014).

Figure 8 shows that our model generates the observed dispersion in earnings, as well as the changes
in the distribution of earnings over time. Figure 9 shows earnings dispersion within occupations for the
model and for the data.

Table 1 displays the empirical and structural decomposition of earnings variation in 1980 and 2005.
Our stylized model can capture the salient patterns in the decomposition of earnings variation and its
changes over time. The model generates an increase in total earnings variation from 0.20 to 0.38, which
captures the observed increase in variation from 0.19 to 0.42 in the data. The model attributes 75 percent

of this increase to an increase in within-occupation wage variation, relative to 80 percent in the data.
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Figure 9: Data and Model Earnings Dispersion Within Occupation

Figure 9 displays earnings dispersion within occupations for the model and for the data. On the horizontal axis, we rank occupations
by the average earnings earned in each occupation. The solid lines are a fractional polynomial fit that captures the salient data patterns

(Figure 7). The bars represent the variation in earnings across model occupations.

Table 1: Model and Data Earnings Decomposition

Data Model
Moment 1980 2005 change 1980 2005 change
Total 0.19 0.42 0.23 0.20 0.38 0.18
Between 0.02 0.06 0.04 0.05 0.09 0.04
Within 0.17 0.36 0.19 0.15 0.29 0.14
Rank correlation 0.31 0.36 0.05 0.31 0.38 0.07

Table 1 compares the empirical and model decomposition of earnings dispersion. The left panel shows the empirical decomposition of

earnings variation in dispersion between occupations and dispersion within occupations, while the right panel shows the model analog.

The model also generates an increase in the rank correlation, from 0.31 to 0.38.%°

The key feature of our model is its ability to generate earnings dispersion within the same occupation.
The theoretical analysis above shows that there is dispersion of skills in the same occupation and thus
there is corresponding dispersion of earnings within occupations. In contrast, a classic assignment model
that delivers either positive or negative sorting cannot generate variation in skill levels within a particular
occupation, and as a consequence, does not generate earnings dispersion within that occupation. Any

model that pairs only one worker type to each occupation does not generate any earnings dispersion

45We provide detailed intuition for the quantitative results by analyzing the equilibrium for 1980 in Technical
Appendix B.6.
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Table 2: Earnings Relative to Peers

Data Model
Percentile 1980 2005 1980 2005
25 0.73 0.67 0.77 0.54
20 0.94 0.89 0.99 0.85
75 1.17 1.14 1.03 1.00
90 1.42 1.45 1.17 1.45

Table 2 compares the model and data in terms of mean coworker earnings. The left panel shows relative coworker earnings at selected

percentiles of the individual earnings distribution. The right panel shows their model analog.

within occupations.

In addition to analyzing the variance decomposition of earnings, we evaluate the non-targeted earnings
of workers relative to the earnings of workers in the same occupation at different percentiles in the
earnings distribution. The relative earnings of a worker compared to their peers equals one when sorting
is assortative, or, more generally, when sorting is one-to-one. Table 2 displays the earnings of workers
relative to their peers in the model and in the data. The workers at the median of the distribution earn
6 percent less than their peers in 1980 and 11 percent less in 2005. In the model, this worker earns 1
percent less than their peers in 1980 and 15 percent less in 2005. Model and data align qualitatively in
both years.

The changes in observed earnings patterns between 1980 and 2005 can be driven by changes in the supply
or the demand side of the labor market, or by their combination. We use our framework to evaluate the
drivers of changing earnings patterns. In order to do this, we analyze counterfactual changes in earnings
by only changing the distribution of workers and by only changing the distribution of jobs.

Table 3 shows a Shapley decomposition (Shapley, 1953) of changes in earnings dispersion from 1980
to 2005. The left panel repeats the baseline model decomposition of Table 1, while the middle panel and
the right panel present counterfactual results. The job effect counterfactual evaluates the model with
the distribution of jobs in 1980 and the distribution of jobs in 2005. The middle panel shows that by
only changing the distribution of jobs, within-occupation earnings dispersion would have increased by
0.11, while the rank correlation would have increased by 0.07. The worker effect counterfactual similarly
evaluates the model using the worker distribution of 1980 and the worker distribution of 2005. The right

panel shows that within-occupation earnings dispersion would have increased by 0.03, while the rank
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Table 3: Counterfactual Decomposition of Earnings Variation

Model Job Effect Worker Effect
Moment 1980 2005 change change change
Total 0.20 0.38 0.18 0.16 0.02
Between 0.05 0.09 0.04 0.05 —0.01
Within 0.15 0.29 0.14 0.11 0.03
Correlation 0.31 0.38 0.07 0.07 0.00

Table 3 compares the baseline and counterfactual model decomposition of earnings dispersion. The left panel shows the baseline model
decomposition of earnings variation as in Table 1, while the middle and right panels show counterfactual decompositions. For the job
effect counterfactual, we evaluate the model with the worker distribution for 1980 and the job distribution for 2005, while the worker

effect counterfactual evaluates the model using the job distribution for 1980 and the worker distribution for 2005.

correlation would have remained unchanged. Our counterfactual analysis shows that the changes in the
job distribution between 1980 and 2005 are most important in generating the observed changes in the

composition of earnings dispersion.

Discussion. Another framework which results in imperfect sorting is the search and matching framework.
Shimer and Smith (2000) introduce random search frictions into the assignment problem, while Eeckhout
and Kircher (2010) introduce directed search frictions. The labor market search literature further studies
a variety of models to understand earnings dispersion and sorting patterns (for example, Postel-Vinay and
Robin (2002), Shimer (2005), Cahuc, Postel-Vinay, and Robin (2006), Gautier, Teulings, and Van Vuuren
(2010), Lentz (2010), Eeckhout and Kircher (2011), Hagedorn, Law, and Manovskii (2017), Lise and
Robin (2017), Bagger and Lentz (2019)). Generally, search frictions generate earnings dispersion within
occupations and a rank correlation between workers and jobs below one.*0

Another mechanism generating within-occupation dispersion among ex-ante homogeneous firms and
workers is information frictions (Jovanovic, 1979). Workers and firms gradually learn about match quality
through noisy output which determines wages. Moscarini (2005) develops an equilibrium search model
where workers and firms learn about their match quality following Jovanovic (1979) to deliver equilibrium
wage dispersion.

Composite sorting differs from the literature on search and information frictions by providing a

mechanism without labor market imperfections to generate wage dispersion within occupations and reduce

46Within the search and matching framework with ex-ante homogeneous workers, occupation-specific experience
is another mechanism that delivers wage dispersion within occupations (Kambourov and Manovskii, 2009; Carrillo-
Tudela and Visschers, 2023). Wage differences within occupations reflect differences in experience.
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the rank correlation. Baley, Figueiredo, and Ulbricht (2022) connects composite sorting to the literatures
on search and information frictions since their output function falls in the composite sorting class (see
Section 5.2), and they embed this in a directed search model with aggregate fluctuations, multiple careers,
as well as search frictions and information frictions. Their quantitative work suggests that composite
sorting plays a role in explaining the data within a richer quantitative model. They discipline the output
function (15) using evidence on the empirical cyclicality in career mobility, jointly with parameters that

govern search and information frictions.

9 Conclusion

We characterize the optimal assignment, wages and comparative statics for an assignment problem with
heterogeneous workers and jobs and concave costs of skill gaps, a technology that is neither supermodular
nor submodular. We show that concavity generally arises when firms make investments to mitigate the
cost of skill gaps as in Stigler (1939) and Laffont and Tirole (1986, 1991). Our analysis introduces
composite sorting where multiple worker types are sorted to the same occupation and worker types are
simultaneously part of both positive and negative sorting. Our first main result is to show that composite
sorting has a particularly tractable structure when the distributions of workers and jobs follow normal
mixture distributions. This empirically relevant case provides a significant reduction in complexity that
facilitates our quantitative analysis with a large number of skill types. Our second set of results is on
constructing the dual solution of the problem to determine wages and firm values. We show that wages
have a striking regional hierarchical structure with relative earnings determined within skill groups and
aggregated to determine earnings at different scales. Third, leveraging the characterization of optimal
sorting, we derive comparative statics for the optimal assignment and show that sorting is more positive
when the cost of skill gaps is less concave. Our quantitative model can generate and help explain earnings
dispersion within occupations, as well as its changes over time. In sum, composite sorting provides a
tractable assignment framework in between the polar cases of supermodularity and submodularity and
delivers strikingly different results from the canonical assortative sorting models. Our results on the
assignment problem, the dual solution, and comparative statics are new to both the economics and

optimal transport literature.
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A  Proofs

In this appendix, we formally prove the results in the main text.

A.1 Necessary Conditions for Optimal Sorting

In this appendix, we provide the proofs of the results in Section 4.1.

A.1.1 Maximal Perfect Pairs

In this appendix, we formally state and prove the result on maximal perfect pairs.

Lemma 3. Maximal Perfect Pairs. Let F'AG denote the common component of the worker distribution
F and the job distribution G. Then there exists an optimal assignment 7 consisting of perfect pairs on

the support of F' A G and an optimal assignment between workers F' — F' A G and jobs G — F' A G.

Proof. We show that when a perfect pairing is feasible, one can choose an optimal assignment that makes
it. Start from any optimal assignment and suppose it contains pairings (x, z) and (2/, ') with 2’ = 2.%7
By symmetry, it suffices to consider two cases. Consider first the case where z < 2/ < z = 2/. By
(11) applied with 21 = 2,21 = 2/,29 = z and by (12) applied with 1 = 2/, 21 = 2/, 29 = 2, we obtain
y(x, 2" +y(a', 2) =2 y(x, z) + y(«, 2’). Thus, the output when making the perfect pairing exceeds output
under the optimal configuration.
Second, consider the case where x < 2’ = z < 2’. In this case, the output is given by y(z, z) +y(z/, ).

However, Definition 4 indicates that y(z,2") + y(2’, 2) = y(x, z) + y(2/, 2’). Therefore, output does not

decrease by assigning worker x to job 2’ and by perfectly assigning worker x’ to job z.

47If either © = 2 or z = 2/, a perfect pairing is naturally made since 2/ = z. We thus restrict our attention to
the cases where x # 2’ and z # 2/.



In both cases, replacing the two pairs (z, z) and (2/,2’) by (x,2’) and (2/, z) does not decrease total
output. Since the original assignment is optimal, the modified assignment is also optimal. Moreover,
because 2’ = z, the new assignment contains the perfect pair (z/, z). Repeating this step when common
mass in F' A G remains unmatched yields an optimal assignment which pairs all mass in F' A G perfectly.

O]

A.1.2 No Intersecting Pairs

In this appendix, we formally state and prove the result on no intersecting pairs.

Lemma 4. No Intersecting Pairs. There exists an optimal assignment 7* such that for any two pairs

(z,z) and (2/,2") in the support 'z~ their arcs do not intersect.

Proof. Since there are finitely many worker types and job types, the number of intersecting pairs ¢(7) :=
#{{(z,2),(2,2)} C Tx : the arcs (z,2), («/, 2') intersect } is finite. Choose an optimal sorting 7* with
the smallest possible number of intersecting pairs. We show that I'z« is non-crossing, that is, ¢(7*) = 0.

By contradiction, consider workers x and 2’ and jobs z and 2’ such that (z,z) and (2/,2') are two
intersecting pairs in I';«. By symmetry, it suffices to consider two cases. First, consider the case r < 2/ <
z < Z'. Replace pairs (z,z) and (2/,2') by (z,2') and (2/, z). By same-sided submodularity (Definition
4), y(x, 2" +y(2', 2) > y(z, 2) + y(2/, 2'), and hence the new assignment is still optimal.

Second, consider the case z < 2’ < z < 2/. Replace (z, z) and (2, 2’) by (z, 2’) and (2/, z). Using (11)
with 1 = o = 2, 21 = 2/, 20 = z, and (12) with 1 = 29 = 2/, 21 = 2/, 290 = 2, we obtain y(z, ') > y(z, 2)
and y(2/, 2) > y(2/,2’), and therefore y(z, 2') + y(2', z) = y(z,z) + y(a/,2’). In this case, the uncrossed
assignment is thus optimal as well.

In either case, we obtain another optimal assignment with strictly fewer crossings, contradicting the

choice of 7*. Therefore, I';+ is non-crossing. O

A.2 Proof of Theorem 1

To prove Theorem 1 we prove a general result on the number of sign changes for a linear combination of
normal densities in Theorem 8. We start this section by formally defining sign changes. We then state
Theorem 8 and use it to prove Theorem 1. Finally, we prove Theorem 8.

We first define sign changes. For a given sequence (x1, ..., zx), we define S™(x1,. .., zx) as the number
of sign changes of the sequence, that is, the number of j = 1,...,k — 1 such that z;z;;1 < 0. For a

function f on an interval I, the number of sign changes is defined as S™(f) = sup S~ (f(t1),..., f(tx)),



where the supremum is over all sets of t; < t9 < --- < t; such that t; € I and k is finite. Using this

definition, we state Theorem 8.

Theorem 8. Let n € N, ¢; € R, u; € R and s; € Ry. Define

_(z—uy)?

é(z) = G e (A1)

Then S™(¢) <2(n—1).

Proof of Theorem 1. Let the normal mixture density functions of the worker distribution and the job
distribution be given. The difference between the two density functions h = f — g is of the form (A.1).
By Theorem 8, S™(h) < 2(n+m — 1). It follows that any layer in the measure of underqualification H
has at most 2(n +m — 1) + 1 points. Since the number of points on every layer is even, it follows that

there are at most n +m — 1 pairs on every layer. O

It remains to prove Theorem 8. In order to do so, let ¢s(z) = \/% exp(—%) for s > 0 and, in addition,

let S be the Schwartz space, the space of all functions whose derivatives are rapidly decreasing;:
S = {f € C*(R) : sup ‘m”f(m)(m)’ < oo, Vn,me {0,1,2,...}}

and denote its dual by &', which is the set of all tempered distributions and includes, for instance, S
and Dirac delta functions. For densities f € S and g € §’, denote by f * g the convolution of f and g.
It follows that ¢g * ¢ps = ¢psts. To prove Theorem 8, we use Lemma 6. In turn, we use Lemma 5 from

Karlin (1968) to prove Lemma 6.4

Lemma 5. It holds for all s > 0 and continuous real functions 1 that S™(¢ % ¢5) < S™ ().

Lemma 6. Let ¢ € S’ be the sum of a Schwartz function ¢ € S and a linear combination of finitely

many Dirac delta functions. Then for all s > 0, S~ (¢ * ¢) < S~ ().

Proof. Without loss of generality, we assume z; = §p + 1 where ¥ € S is a Schwartz function and g € S’
is the Dirac delta function at 0. The general case follows the same proof with heavier notation. For a
continuous real function ¢ with S™ () < oo, there exists § > 0 such that for all continuous real functions
Y satisfying ||{) — ¥]|ee < 8, we have S™(¢)) = S~ (¢).

48Gee Theorem 3.1 in Karlin (1968).




Suppose for contradiction that for some s > 0 we instead have S~ (¢ % ¢5) > S~ (). For £ > 0, define

the piecewise linear wedge function .:

1z if z €[0,¢]
Pe(z) =9 Ly 2 if z € [—¢, 0]
0 elsewhere.

Since ¢ is uniformly continuous, 1. * ¢, — ¢ in L™ as ¢ — 0.%9

that S~ (¢ % ¢bs) < S~ ((1) +10e) * ps) by the previous paragraph. By Lemma 5, S~ (1) * ¢s) < S~ (1) +1¢ ).
On the other hand, we claim that for e small enough it holds S~ (¢ + ¢.) = S~ (¢ + do), where p on

Therefore, for £ small enough, it holds

the right-hand side is understood as a jump at 0. Indeed, since S~ (1)) < oo, there are three cases:

1. If vp > 0 in a neighborhood N of 0, ¥ + ¥, and 1 + dg both have no sign change in N, and have
the same number of sign changes outside N if € is chosen small enough.

2. If ¢ <0 at 0~ and ¥ > 0 at 07 (or vice versa), ¥ + 1. and 1 + dy both have one sign change in
a neighborhood N of 0 for € small, and the same number of sign changes outside N if ¢ is chosen
small enough.

3. If ¢ < 0 at both 0~ and 0%, ¢ + &y have two sign changes in N. Since ¢ € S implies that both |¢)]
and [¢| are uniformly bounded, v + 1. also has two sign changes in N for £ small enough. They

have the same number of sign changes outside the neighborhood N if ¢ is small enough.

As a result, we can write down the following chain of inequalities

ST() < S7(Wxds) <S™(W +1e) = 87 +do) = 57 (),
which gives a contradiction. O

Proof of Theorem 8. We prove the result by induction. The base is n = 1, when there is a single normal
distribution and hence no sign change, or S~ (¢) = 0. Consider n € N and ¢ of the form in equation
(A.1). Let t be the minimal variance across the normal distributions, or ¢ = lr\nz'iiln s;. Without loss of
generality, let there be k > 1 different normal distributions with the lowest variance, indexed such that

{i:si=t}={n—-k+1,...,n}. If £k = n, the claim follows directly from Lemma 6, so we assume

1 <k <n—1 in the following.

49S8ee Theorem 1.2.19 in Grafakos (2014).



Observe that convolution with a delta function is equivalent to a lateral shift. It follows that ¢ = gbtm;,

where:
~ n—k ¢ | (amup? n ~ n )
Pa)=> ———e ot + Y by, =)+ Y. by, €S (A.2)
o VT(si—t) i=n—k+1 i=n—k+1

Since by definition (Z) is a mixture of normal distributions, ¢~) € §. By Lemma 6, it thus follows that:
ST() =S (¢ %) <5 (¥) <2k + 57 (9). (A.3)

where the first inequality follows by Lemma 6. The second inequality follows since each delta function
adds at most two more sign changes, and there are k delta functions in (A.2).
We note that ¢ was of the form in equation (A.1) and similarly that ¢ is also of the form (A.1) with

n — k remaining normal distributions. Applying the induction hypothesis, we have S™(¢) < 2(n—k —1).
Therefore, we conclude S™(¢) < 2(n — 1), as desired. O

A.3 Proof to Proposition 3

In this appendix, we prove Proposition 3.

(ii) = (i): Assume the derivative conditions and (14). If x; < z2 < 21 < 29, then

Y(w2, 21) — y(w1, 21) = / v (, 21)du > 0

T

and

zZ2 zZ2
y(x1,21) — y(x1, 22) = —/ Yz (z1,v)dv =0 and y(x2,21) — y(x2, 22) = —/ Yz (z2,v)dv =0
z1 zZ1

so we have

Y1, ) + ylaa, 1) — y(an, 21) — y(wa, 22) = — / / e (1, 0)dvdu > 0,

Thus, same-sided submodularity and decreasing in the skill gap (11) hold when z2 < 2;.

If 29 = 21, decreasing in the skill gap (11) reduces to (14). To establish (13) with x9 = 21, this is
directly verified if either x1 = z1 or z; = zo. We thus remain to consider z1 < x2 = 21 < z2. We use an
increasing sequence {t,} to approximate x5 from below in the case x1 < x5 < 21 < 22, and recover the
inequality for r1 < xo = 21 < 29 in the limit as n — oco. Pick t,, T x2 with x1 < t, < z1. Since y is twice

continuously differentiable on the region of underqualification D_, and since y,, < O:

y(x1,22) +y(tn, 21) = y(x1,21) + y(tn, 22).



Since y(z1, 21) = y(tn, 21) by (14) and since the output y is continuous on the region of underqualification

D_, letting n — oo gives

y(x1, 22) + y(21,21) = y(x1, 21) + y(21, 22).

This is (13) when x3 = z1. The case 21 < 29 < x1 < x9 is symmetric.

(i) = (ii): Assume conditions (11), (12), and (13). Taking (x1, z2, 21, 22) = (x,z,z, 2) and (x, z, 2, ) in
(11) gives (14) for x < z. The case x > z symmetrically follows from (12).

Consider a pair (z,z) € D_. For small h,k > 0, since output decreases in the skill gap, y(z,z) <
y(z + h,z) and y(x,z + k) < y(z,z). Dividing by h and k and taking the limit as h and k tend to
zero yields the first derivative conditions y,(z,z) > 0 and y.(z,2) < 0. By same-sided submodularity,
y(x,z+k)+ylx+h,z)—y(z,z) —y(zr+h,z+k) > 0, and dividing by hk and letting h | 0 and k | 0 gives
Yoz (x,2) < 0. The argument on the region of overqualification Dy is symmetric and yields y, < 0 < y,

and y,, < 0.

Corollary 2. Let logy(x, z) = ¢(z, z), where ¢ is twice continuously differentiable on D_UD_ . Moreover,
assume that ¢, < 0 < ¢, on the region of underqualification D_, ¢, < 0 < ¢, on the region of
overqualification D, and ¢z, + ¢z, < 0 on D_ U D, and that ¢(z,z) > ¢(z, 2) and ¢(z,2) = ¢(z, 2)

for all # # z. Then y(z, z) satisfies condition (ii) and hence (i) of Proposition 3.
Proof. Since y = exp ¢, we have y, = Yo, Y. = Yo, and Yz, = yY(Pzz+d2¢). The claim then follows. [

Proposition 9. Consider cost functions that depend on the skill gap c(z,z) = C(z — ) with C(0) = 0.
The surplus function y = —c is same-sided submodular and decreasing in the skill gap if and only if C is

concave on both [0, 00) and (—o0, 0], non-decreasing on [0, c0), and non-increasing on (—oo, 0].

Proof. = For 0 < a < b, applying (11) with 1 = 22 = 0, z; = a, and 2o = b gives C(b) > C(a). Hence
C is non-decreasing on [0,00). Similarly, C is non-increasing on (—oo,0] using (12). For concavity on

[0,00), take p,q,7 > 0 and apply (13) with z; =0, xo = p, 21 =p+ ¢, and 29 = p+ ¢ + r. This gives:
Clp+q+r)+C(g) <Clp+q) +C(g+1),

and hence C is concave on [0,00). The proof on (—o0, 0] is identical.

<— Suppose that C has these properties. Let z1 < x9 < 21 < 29 and write a = 21 — 29, p = T3 — 21, and

r = 2o — 2z1. Then a,p,r > 0, and concavity of C on [0, 00) gives:

Cla+p+r)+C(a) <Cla+p)+Cla+r),



which is exactly (13). Monotonicity gives C(a + p) > C(a) and C(a + r) > C(a), which is exactly
(11). Same-sided submodularity (13) and inequality (12) follow in the same way from the concavity and

monotonicity of C(—t) on [0, 00). O

A.4 Local Hierarchical Algorithm

We propose a new algorithm specifically tailored to the model of composite sorting, which has two
distinct merits. First, it is typically more efficient than existing generic algorithms, as shown in Technical
Appendix B.5. Second, and more importantly, this new algorithm reveals a hierarchical structure of the
dual potential functions, highlighting an implication of the absence of intersecting pairs to dual optimizers.

Recall that in our setting, we consider a problem with a finite number of workers with skill levels in
X and a finite number of jobs with difficulty levels in Z, where X and Z are disjoint sets. We denote by
S = X U Z the set of all skill levels. Moreover, we recall that we construct the dual solution given an
optimal sorting 7. Throughout this subsection, fix an optimal assignment 7 selected as in Lemma 4, so
that its arcs do not intersect, after removing the common component matched perfectly by Lemma 3.

Our algorithm relies on recursive computations of ¢ constrained on smaller subsets of S. To explain
such a recursive procedure, we introduce the notion of subpairs. A pair (z, z) is called a subpair of the
pair (xg, z0) if (z, z) is a non-nested pair inside the interval [z, zp] that is not equal to (zg, 2¢).

We process each pair (x,29) € I'y sequentially to get a local dual optimizer on [zg, z0], that is, a
function ¢y, ., such that for any (z,2) € X(z, 2] X Zjzo,z0]s Plzo,z0](T) = Plze,z0) (2) < ¢(z,2) and it holds
with equality when (z,z) € I'x. We observe that this property is preserved if ®lzo,20] 18 shifted by any
constant a € R.

Below is a recursive construction of the wage penalties, where ¢, ¢;, x; and z; are local variables
that vary across each iteration, and ¢y, .) for (z,z) € T'; are global variables that are the output of the

algorithm.

1. Pick any pair (zg, 29) € I'; that has not been processed such that all subpairs of (zg, z9) have been

processed. Let (z1,21), ..., (xp, zp) be the subpairs of (zg,29) ordered in a way that:
1 —Tg|= min |r; —x and |z, — 29| = min |z; —z
1 ol ie{l,...,p}| ‘ o Iz = 2l iE{l,--~,p}| i~ 2o,

with potential functions ¢; := ¢; fori=1,...,p.

331721]
2. If p =0, then let ¢(z9) = 0 and ¢(xg) = c(zo, 20)-

3. If p > 1, then continue with the following sub-steps.



(a) Ifp > 1, let (Ba,...,3p) € RP~! be a solution to the inequality system

m
maX{C()() — Con — Cm0, _cmn} + Cnn g Z /Bk g min{COm + Cno — €00, cnm} — Cmm (22)
k=n+1
for all 1 < n < m < p, where ¢;; = c(x;,2;) for i,j € {0,...,p}. We show the existence of

such (B2, ..., 0p) in Lemma 7 below.

(b) Fori=1,...,p, let

$(s) = di(s) + Y Bi+ dplap) — dilwi) (18)

k=i+1

P
for s € X, . or s € Z|, ... The above sum S is 0 if i = p.

k=i+1
(c) Define ¢(xg) and ¢(zp) according to:
i) —Ci if ;20 =
iel{lllﬁ?fp}((b(a:) cio) if 21 # zo, 20 = 2

P(z0) = ¢ | max (d(x;) —cio), min ($(2) +coi) —coo| if m1 # w0, 20 # 2 (19)

i1e{1,....,p} i€{1,...,p}

min  (¢(z;) + coi) — oo elsewhere;

\7;6{1,...71)}

¢(z0) = ¢(20) + c(x0, 20), (20)

where the second case of definition (19) means that we pick an arbitrary value inside this

interval.

4. Let ¢y, 2] be equal to ¢.

5. Return to step 1 with the next pair to process, or terminate if all pairs have been processed.

We note from step 3(b) that for s,s" € X, ..) U Zj, ..}, we have ¢(s) — ¢(s') = ¢i(s) — ¢i(s"). This
means that after each iteration, the value of ¢(s) — ¢(s’) does not change, and therefore it depends only
on points in the region [z;, z;].

Our regional hierarchical mechanism allows for a class of dual solutions. For instance, there is freedom
in the choice of the solution to the system of inequalities (22), as well as the choices of ¢(zp) in the second
case of (19). We remark that all dual solutions are obtained by choosing specific feasible solutions allowed

by our regional hierarchical construction.’® That is, there is no dual solution that falls outside this class.

50To observe this, first recall that for any dual solution ¢ and for any primal solution g, ¢o(z) — ¢o(2) < c(x, 2)
holds with equality if the assignment 7y pairs worker x with job z. At each step of the regional mechanism, the
only constraints on the choices of the dual solution arise from inequalities ¢(z) — ¢(2) < ¢(z, z) and the equalities
d(x) — ¢(2) = c(x,2) for (x,2) € I'y,. The values of ¢ satisfy these constraints at each step, and therefore
constitute a valid dual construction. Note that we specify the relative wages in our algorithm, and hence a global
constant shift suffices to recover the function ¢q.



In our numerical analysis with a large number of worker and job types, the class of dual solutions is such
that the differences between the dual solutions are economically insignificant.

The order of processing the pairs does not affect the output of the algorithm because each ¢, ., only
depends on the local dual optimizers of its subpairs, which are all processed before this pair. A default
order is to always choose the unprocessed pair (zg, zp) with the smallest x( satisfying the condition in
step 1. On the other hand, the choice of (5, ..., fp) does affect the output of the algorithm. As a default,
(B2, ..., Bp) can be chosen as the solution of (22) that is the smallest in dictionary order.®! In this way,
we obtain a unique output of the algorithm. Nevertheless, in the next result, we will show that a dual
potential ¢ is obtained from the algorithm with arbitrary choices of (f,..., 3,) satisfying (22) in each

iteration.

A.5 Proof of Theorem 4

Throughout this subsection, fix an optimal assignment 7 selected as in Lemma 4, so that its arcs do not
intersect. We assume that y = —c is same-sided submodular and decreasing in the skill gap.

We prove Theorem 4 in two parts. First, we prove there exists a solution (f2,...,53,) to (22), in
Lemma 7. Second, we prove that the function ¢ defined in (18)-(20) is indeed a local dual optimizer on

S|

T0,%0]*

Lemma 7. Suppose (z1,21),...,(zp, 2p) are ordered subpairs of pair (z¢, zp) in the optimal assignment

. Then the system of inequalities, where for all 1 <n <m < p:

m
rnaX{COO + Cnn — Con — Cm0, Cnn — Cmn} < Z /Bk < Inin{COm + Cno — C00 — Cmmy Cim — Cmm} (22)
k=n+1

admits a solution (fa,. .., fp).

Proof of Lemma 7. We use Farkas’” Lemma to prove this existence result. We state Farkas’ Lemma for

completeness.

Lemma 8. Let A be a dy x dy matrix, b € R%, and let x = (21,...,24,)" be a set of real-valued variables.
Then the system Az > b allows a set of solutions if and only if for any 3 € [0,00)% such that y' A = 0,
it holds y b < 0.

We aim to show that equation (22) admits a solution (f2,..., ;). We observe that we can think of (22)

5INote that such a smallest solution always exists since (s, ..., 3,) satisfying (22) lies in a compact region.



equivalently as the following set of inequalities:

Br = €00 + Cpn — Con — Cmo

ﬁk Z €00 + Cmm — Com — Cno
k=n+1

for all 1 < n < m < p. All inequalities implied by (22) are linear in the variables (f,. .., p). Matrix A
is given by columns with values (—1,0,41), while vector b is governed by the costs c.

+

By Lemma 8 it suffices to prove the following.’? For any set of non-negative weights (A5 A~ w

mn’ - 'mn’

1 < n < m < pon each of the inequalities above such that
m m
Yo Ohatwm) Yo = Y Nt wma) D, B forall (B, 8y), (A4)
1<n<m<p k=n+1 1I<n<m<p k=n+1
it holds that
Z <)‘;1n<600 + Cnn — Con — cmO) + w;zn(cnn - Cmn))
1<n<m<p

< Z ()\q—‘;n(COm + Cpo — Coo — Cmm) + W;;n(cnm - Cmm)) (A5)
I<n<m<p

We start by simplifying equations (A.4) and (A.5). We first simplify equation (A.4). Since (A.4) has

to hold for all (B2, ..., ), we note that the coefficient on each fj has to equal zero. For each 2 < k < p,
equating the coefficients for §; requires

D M+ win) =D Ao + i) (A.6)

mon m,n
where we sum over all (m,n) satisfying 1 < n < k < m < p, that is, we sum over all equations where S
appears. Furthermore, subtracting equation (A.6) evaluated at k from equation (A.6) evaluated at k + 1
yields:

k<m<p k<m<p 1<n<k 1<n<k

52Fquation (A.4) is the analog of y" A = 0 in the statement of Farkas’ Lemma. Specifically, we use y' A = 0 if
and only if y" Az = 0 for all z € R%. Applied to our setting, where /3 takes the position of # in Farkas’ Lemma,
this states that the weighted sum of all left-hand sides in the system of inequalities equals zero. Equation (A.5)
below is similarly the analog of y"b < 0 in the statement of Farkas’ Lemma.

10
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for all 2 < k < p.
We next simplify (A.5). Rearranging (A.5) by collecting terms by coefficients in front of ¢;; leads to

the equivalent form:

D Mn Ao+ Y O Fwm)en+ Y. (A +wh) e

1<n<m<p 1<m<p 1<n<p
p—1
- - + +
+ Z ( Z ()‘mk + wmk) + Z ()\kn + wkn))ckk
k=2 k<m<p 1<n<k
< A ico1 + A cop + A Cpo + Atoe
X m1¢01 pn Op pn p0 m1¢10
1<m<p 1<n<p 1<n<p 1<m<p
p—1
+ N+ A + Ao+ AP
kn mk ) COk kn mk ) CkO
k=2 1<n<k k<m<p 1<n<k k<m<p
+ Z Winp Cmn + Z Wit Crims (A.8)
1<n<m<p 1<n<m<p

where the left-hand side of the inequality collects all “diagonal” elements, and the right-hand side collects
all other elements.

Our next step in proving that equation (A.8) indeed holds, is to show that both sides of equation
(A.8) represent transport costs of an assignment between a measure of workers F and a measure of jobs

G. Specifically, consider the assignment problem between a measure F' and a measure G, satisfying:

F = Z ()‘r_rm + )‘r—tm)(sxo + Z (A;ﬂ + wT:Ll)(le + Z ()‘;jn + w;_n)ézp

I<n<m<p I<m<p 1<n<p
p—1
(X Cuetem) + 2 (Wil )on (A.9)
k=2 k<m<p 1<n<k

and, similarly,

G= Y (Mt M)dat > o twn)isn+ > (A, +wh)d:,

1<n<m<p 1<m<p 1<n<p
p—1
(Y Omten) + D (i) )0 (A.10)
k=2 k<m<p 1<n<k
Both measures may not be probability measures, but they do have the same total mass.

The fact that the left-hand side of (A.8) represents a transport cost between workers F' and jobs G is
evident. Under this assignment, each worker type is assigned to an identically indexed job, which has an
identical mass by construction of the worker distribution F in (A.9) and the job distribution G in (A.10).
To establish the same on the right-hand side requires work. Consider first the worker z marginal on the

right-hand side of (A.8).

11



1. The mass on xg is
p—1
S ot XS (S X o) - 5 (k)
1<m<p 1<n<p k=2 1<n<k k<m<p I<n<m<p
2. Using equation (A.6) with k£ = 2, the mass on x; is
Z A + Z Wy = Z (Mt + @) -
1<m<p 1<m<p 1<m<p
3. For 2 < k < p, using (A.7) and grouping terms, the mass on zj, is
- + — + _ - - + +
Z )\kn + Z )\mk’ + Z wk‘,n + Z Wk = Z ()\mk: +wmk) + Z (Akn +wkzn)'
1<n<k k<m<p 1<n<k k<m<p k<m<p 1<n<k
4. Using equation (A.6) with k = p, the mass on z,, is
> Contwm) = D0 (N +wp).
1<n<p 1<n<p

Combining these four terms we see that the z-marginal of the right-hand side of (A.8) corresponds with

that of (A.9). We proceed to show that the same is true for the distribution of jobs.

1. The mass on zj is
p—1
St 2 N (X At X Aw) = D O A,
1<n<p 1<m<p k=2 1<n<k k<m<p 1<n<m<p

where the equality follows by simple accounting.

2. The mass on zp is
Yoot D@m= > (A twm)
1<m<p 1<m<p 1<m<p
3. For 2 < k < p, the mass on z; is
+ - - + _ - - + +
1<n<k k<m<p k<m<p 1<n<k k<m<p 1<n<k
4. Finally, the mass on z, is given by

D Nt D W= 2 (e,

1<n<p 1<n<p 1<n<p

12



We have thus proved the marginal distributions on both sides of the costs (A.8) are the worker distribution
F and the job distribution G.

Why is the left-hand side of equation (A.8) the optimal transportation cost between the worker
distribution F' and job distribution G? To characterize an optimal assignment between the constructed
measures F' and G, we decompose the corresponding measure of underqualification H := F — G into
layers. By the definition of the worker measure F' in equation (A.9) and the job measure G in equation
(A.10), we know that for each k we have F'(z;,) = G(z;). This means each layer £ will consist of a subset
S CH0,...,p} and the distributions within the layer Fy and G, will be uniform on {zj}recs and {zx}res
respectively. From the assumption of the theorem, we recall that the optimal assignment 7 pairs xj with
2, for every k in the optimal assignment problem with uniform distributions on {zj }o<k<p and {zx bo<k<p-
Since a restriction of an optimal assignment is also optimal on the restricted marginals, we know that
an optimal assignment between Fy and Gy matches zj to zx for each k € S. After adding the layers, the
same holds for an optimal assignment between F and G by the principle of layering. Therefore, the pairs
{(21, )} are paired under an optimal assignment between F and G. This establishes the inequality

(A.8), hence we finally conclude (22) has a solution. O

Next, we continue to prove the second part of the result, that the function ¢ defined in (18)-(20) is indeed
a local dual optimizer on S, -

First, we record the following observation for our construction of ¢.

Lemma 9. Assume that y = —c is same-sided submodular. If 21 < 29 < 21 < 22, then
c(xa, 21) — c(x2, 22) < c(x1,21) — c(x1, 22).

If 21 € 20 < 21 < 29, then
c(x1, 22) — c(x2, 22) < c(x1,21) — c(x2, 21).

Proof. If 21 < x9 < 21 < 29, same-sided submodularity (13) applied to y = —c gives
c(x1, 22) + c(x2, 21) < (w1, 21) + (22, 22),

which is equivalent to the first inequality. If 21 < 2o < z1 < 22, the same condition gives
c(x1, 22) + c(x2, 21) < c(x1, 21) + c(x2, 22),

which is equivalent to the second inequality. ]
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We also use the following lemmas to prove that (19) and (20) define a dual optimizer.

Lemma 10. Assume that y = —c is same-sided submodular and decreasing in the skill gap. If two arcs
cross, then uncrossing them weakly lowers the total cost. In particular, if either z < 2/ < 2z < 2/ or

x <z <z<4a/, then
c(x,2) + (2, 2) < e(x,2) + c(2, 2)).

Proof. The case z < x’ < z < 2’ follows from same-sided submodularity (13) applied to y = —c. The case
x <z < z < a follows from the decreasing in the skill gap property (11) and (12), since both workers

are assigned to closer jobs after uncrossing. O

Lemma 11. Suppose that ¢ is a dual potential on S|, .|, where {(z;, 2;) }icf1,... p} are subpairs of the

pair (xg, zo). It holds that

iegﬁ?gp}w(xi) — (w4, 20)) = e X {IO}(cb(:v) — c(x, 20)) (A.11)
and
iegﬁgp}(QS(zi) + (w0, 1)) = re s n {ZO}(¢(2) + (20, 2))- (A.12)

Proof. To prove (A.11), it suffices to show that for all i € {1,...,p} and z € I, .,),
d(z;) — c(xs, 20) 2 d(x) — ez, 20). (A.13)

Using properties of the dual potential ¢, we have

P(xi) = c(wi, 20) — D) + e(x, 20) = d(2i) + @i, 21) — c(wi, 20) — D) + ¢, 20)

> (x4, zi) — c(x4, 20) — c(x, z;) + c(x, 20).

Since both ¢(z;, z;) + c(z, 20) and c(z4, 20) + ¢(x, ;) describe the matching costs between {x;,z} and

{#0, zi} where the arcs (z;, z;) and (z, z0) intersect, we must have by Lemma 10 that
c(xg, zi) — ez, 20) — ez, ;) + c(z, 20) = 0.
This proves (A.11). The other claim (A.12) is similar. Again it suffices to prove

d(2i) + c(xo, zi) < O(2) + (g, 2). (A.14)
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By properties of the dual potential ¢, we have

P(zi) + c(wo, 2i) — ¢(2) — c(x0, 2) = P(wi) — (4, z:) + (20, 2i) — ¢(2) — c(z0, 2)

< (@i, 2) — e(xs, z) + c(xo, zi) — c(x0,2) < 0.
This proves (A.14). O

Proof of Theorem 4. Suppose that (x1,21),..., (2, 2p) are ordered subpairs of pair (zg, 29) in the optimal
assignment 7, and that ¢; are dual potentials on Si,, .;] = Iy, ;) U Jj, 2] for all 1 < i < p. We first
prove that, with the possibilities of multiple workers on the same skill level and multiple jobs on the same
difficulty level, our ¢ in (18)-(20) is well-defined.”®

Suppose that z,, = zp41 or 2, = 2,41 for some 1 < n < p. Then any solution (f2,...,08,) to the

system of inequalities (22) satisfies

max{coo — Con — Cn4+1,00 —Cntint + Con < Bnt1 < min{con+1 + o — €005 Cnnt1} — Cnt1n+1,

where the inequality follows from (22) with m =n + 1. As a consequence,

Cnn — Cn+t1n < Bn-l—l < Cnn+1 — Cn+1,n+1,

and hence we must have 3,41 = ¢cun — Cpy1n41 if 2, = 241 and By = 0 if 2, = 2,41, In particular,
the ¢ defined in (18) satisfies ¢(zy) = ¢(xn+1) in the case x,, = zpi1, and ¢(z,) = ¢(2n41) in the case
Zn = Zn+l.

We next prove that ¢ is a local dual optimizer on the domain Si, ..;\{Z0, 20}. Suppose that z € I, . |
and z € Jp,, »,.1- The equality ¢(z) — ¢(2) = c(x,z) when (z,2) is a matched pair immediately follows
because the same condition is satisfied by ¢; for all 1 < ¢ < p. Our goal is to prove ¢(x) — ¢(2) < ¢(z, 2)
when worker x and job z are not paired.

We consider three cases.

Case I: n =m. This follows immediately since ¢y, is a dual potential on Sj,, . -

53Note that the cases where a worker has the same skill level as the difficulty level of a job have been excluded,
as a consequence of Lemma 3.
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Figure A.1: Three Cases for the proof of Theorem 4

Figure A.1 illustrates the three different cases that we consider in the proof of Theorem 4. The first case is when n = m, the second
case is when n < m, and the third case is when m < n. In each case, worker x lies between z,, and z, and and job z lies between xn,

and zm.

Case II: n < m. Observe

d(x) = d(2) = (d(x) — B(2n)) = Y _(d(xr) = d(z1) + D (Dxr-1) = d(21)) + (P(xm) — $(2))
k=n k=n+1
o(z, zn) chk"’ > (B + k) + c(@m, 2)
k=n+1
= C(xy Zn) Cpn +C SCm, Z ﬁk
k=n+1

< e, 2n) = Can + Cum — Cmm + (T, 2).

The first inequality follows since both ¢(z) — ¢(2y,) < ¢(x, z,) and @(x,) — d(2) < c(xm, 2) follow from
the dual potential within the same part, and ¢(z) — ¢(2r) = cgx follows by the dual potential within
the same part for paired workers and jobs, and finally g + cxr = ¢(xx—1) — ¢(zx) by equation (18). The
final inequality is implied by the upper bound on )" ., By from (22). To show ¢(x) — ¢(z) < c(z, 2),

it suffices to prove
c(x, zn) + c(Tm, 2) — c(x,2) < Con + Cmm — Cnm.- (A.15)

Note that c(, 2,) < ¢(@n, 2n) and c(zm, 2) < e(Tm, 2m) since v € I, .1 and z € Jy, . 1. By symmetry,

we may without loss of generality assume that max{z,, z,} < min{x,,, z,,}. There are four cases:

1. zp < xp < 2m < Ty Then the claim follows from the following three inequalities
c(x,2) 2 e(Tn, 2m), c(x,2n) < c(Tn,2n), and c(Tm,2) < (Tm, 2m),

which follow from the decreasing in skill gap property (12).
2. zp < zp < Z;m < Tpy. Applying in turn Lemma 9 and the decreasing in skill gap property (11) yields
c(x,zn) — c(x,2) < c(xn,2n) — c(xn,2) < c(Tpn,2n) — (Tpn, 2m). Using that c(xm,, 2) < c(zm, 2m)

equation (A.15) follows.
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3. zn < xp < Ty < 2. Applying in turn the decreasing in skill gap property (11) and Lemma 9 yields
(T, z) — c(x,2) < c(Tm, 2) — c(Tn, 2) < (Tm,y 2m) — (Tn,y 2m ). Further using c(z, z,,) < e(xn, 2n),
inequality (A.15) follows.

4. , < zp < Tm < Z;y. In this case, the configuration between x,, and z, is identical to Case 2, and the
configuration between x,, and z,, is identical to Case 3. We apply Lemma 9 as in Case 2 and in Case
3. First, c(x, zn) —c(z, 2) < c(zp, 2n) — c(Tn, 2). Second, c(xm, 2) —c(xn, 2) < (Tm, 2m) — (Tn, Zm)-

Summing the two inequalities delivers inequality (A.15).

This completes the proof of (A.15) for Case II.

Case III: m < n. Observe that

n—1 n
d(x) — ¢(2) = (B(z) — d(20)) + D> (dlar) — d(2k)) — D (d(wr-1) — d(2r)) + (B(xm) — $(2))
k=m-+1 k=m+1
n—1 n
<clmz)+ Y, aw— > (Bt cre) + clam, 2)
k=m+1 k=m-+1
=c(x,zp) — cnn + (T, 2) — Z B
k=m+1

g C(ma Zn) — Cnn + Cnm — Cmm + c(a:m, Z)~

The first inequality follows since both ¢(x) — ¢(z,) < ¢(z, z,) and @(xy,) — ¢(2) < (2, 2) follow from
the dual potential within the same part, and ¢(xx) — ¢(zx) = cxi follows by the dual potential within the
same part for paired workers and jobs, and finally S + cxr = ¢(xk—1) — ¢(2x) by equation (18). The final

inequality is implied by the lower bound on ) 5 from (22). The rest follows similarly as in Case II.

We next check that ¢ is indeed a dual potential on Si,, .,1. Again, due to the possibilities of multiple
workers on the same skill level and multiple jobs on the same difficulty level, we first verify whether our

¢ in (18)-(20) is well-defined.
1. Suppose that zg = 2, and zp # 1. Using (19), we obtain

$(20) = ie?llﬁffp}(ﬂxi) —cio) = iel{frllﬁffp}(%’vi) —cip) = ¢(p) — cpp = D(2p),

where the second equality follows since zp = z,. To show the inverse inequality, let i € {1,...,p}.
By construction, ¢(z;) — cip < ¢(2p). Since i is arbitrary, this finishes the proof.

2. Suppose that zg = z1 and zg # z,. Using (19) and (20), we have

o(zo) = min (A(z) +coi) = min (P(zi) +c1;) = ¢(21),

ie{l,...,p} ie{1,...,p}
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where the second equality follows as xgp = x1, and where the last equality follows because ¢(z1) +
ci1 = ¢(z1) and for any i, ¢(z;) + c1; = d(z1).
3. Suppose that zg = 21 and zp = z,. That ¢(x¢) = ¢(z1) is the same as done in the previous case,

and hence we only need to show that ¢(z9) = ¢(2p). By (19) and using z¢ = 1,

#(20) = min ((z;) 4+ coi) —coo = min (P(2) + c1i) — c1p < d(2p),
ie{1,....,p} ie{1,....,p}

where the final inequality follows by taking ¢ = p. It then suffices to show that the last inequality
can be reversed. Let i € {1,...,p}. By (22), we know that

P
Z Br = cii + oo — Coi — Cpo = Cii + Cop — C0i — Cpp-
k=i+1
Inserting into (18) and using that ¢;(z;) — ¢;(z;) = ¢i;, we obtain
p
¢(7«'z) + co; = Z Br + ¢(xp) + coi — Cii = ¢(wp) + Cop — Cpp = ¢(zp) + Cop-
k=i+1

Since xg = x1, we know that ¢(z;) 4+ c1; — c1p = ¢(2p). Since i is arbitrary, this completes the proof.

It then remains to check that ¢ is a dual potential on S, ..}, that is, to show that

L. ¢(zo) — ¢(20) = c(wo, 20);
2. Forxz € I[xo,zg] \ {330}, ¢(LE) - ¢(ZO) < C(J/‘,Zo);
3. For 2 € Jp3 21 \ {20}, ¢(w0) — ¢(2) < (w0, 2).

That ¢(x0) — ¢(20) = ¢(xo, 20) follows from the definition in (20). In other words, we need to show that

P(z0) = per X {xo}(¢(:v) —c(x, 20)) and P(x0) < e J[ﬂi:]l\ {ZO}(qﬁ(Z) + c(20,2)).

Indeed, this follows immediately from (19), (20) and Lemma 11. It remains to prove that the interval in

the second case of (19) is non-empty, or

a i) — Cio) < mi i) + ¢oi) — Coo-
iel{frlly_ffp}(sb(ﬂf) cio) ie{mlvl_r_l’p}(qb(z) Coi) — €00

To see this, let m,n € {1,...,p} be arbitrary, and we show that
¢($n) - ¢(Zm) < Com + Cno — Co0- (A16)

Recall that ¢(x;—1) — ¢(z;) = Bi + ¢ for 2 < i < p by equation (18). Again, we have the three cases of

Figure A.1 to consider to show that the sufficient condition (A.16) is satisfied.
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Case I: n = m. In this case, (A.16) becomes ¢y, + coo < Cno + Con. This is immediate from optimality
of the assignment.

Case II: n < m. Similar to the other Case II above, evaluated at x = x,, and z = z,,, we obtain

P(xn) — ¢(2m) < c(@n, 2n) — Can + c(Tm, 2m) Z B < com + cno — oo, (A.17)
k=n+1

as desired, where the second inequality follows from the upper bound in (22).

Case III: n > m. Similar to the other Case III above, evaluated at x = x,, and z = z,,, we have

¢(xn) — ¢(2m) < c(Tn, 2n) — Can + (T 2m) — Z Br < —coo + com + o, (A.18)
k=m+1

as desired, where the last step follows from (22). O

Finally, we emphasize that our construction relies on the same-sided submodularity and decreasing in
the skill gap property of y = —c in two aspects: the property of no intersecting pairs is essential for our

induction structure and the inequality (A.15) requires both properties as well.

A.6 Proof of Theorem 5

In this appendix we provide a proof of Theorem 5.

There are at most N layers in the measure of underqualification. Each of these layers corresponds to a
collection Z of pairs, each of which contains ordered subpairs (21, 21), ..., (zp, 2p) that induces a system of
inequalities (22) where the algorithm is performed, with complexity O(p*). Given layer ¢ of the measure
of underqualification, the sum of the sizes of such systems (that is, the number of subpairs) is bounded
from above by the total number of pairs in layers {¢ — 1,¢,¢+ 1}, and hence is at most 3(m +n — 1) by
Theorem 1.
In other words, the total complexity to solve the systems is at most O(>_ p}), where > p; < 3(m +
— 1), and hence is at most O((m +n)*). The number of such systems is bz)EuInded above ioeyI the number

N of layers. Therefore, the complexity of our dual algorithm is O((m + n)*Ny).

A.7 Proof of Theorem 6

In this appendix, we prove Theorem 6. We make use of Lemma 12 and Lemma 13, which we prove first.

Lemma 12. Diagonal Triangle Inequality. For all z,y,z € R, it holds that ¢(z,y) + ¢(y, z) — c(y,y) >

c(z, 2).
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Proof. First suppose = < z. If y < z, then the decreasing in skill gap property (11) and (12) applied to
y = —cgives c(y, z) > c(x, z) and c(z,y) = c(y,y). Hence c(z,y) +c(y, z) —c(y,y) = c(z, 2). Iz <y < 2,

the same-sided submodularity (13) applied to y = —c gives

c(z,z) + c(y,y) < c(z,y) + c(y, 2),

which is the desired inequality. If z < y, then the decreasing in skill gap property (11) and (12) gives
c(x,y) = c(z, z) and c(y, z) = c(y,y), so the result follows.
The case z < x is symmetric. If y < z, then the decreasing in skill gap property gives c(x,y) > ¢(z, 2)

and c(y, z) = c(y,y). If 2 <y < x, the same-sided submodularity gives

c(x,2) + ey, y) < ey, 2) + c(x, y)-

If z < y, then the decreasing in skill gap property gives c¢(y, z) > ¢(x, 2) and c(x,y) > ¢(y,y). Finally, if

x = z, the result follows directly from the decreasing in skill gap property. O

In the main text, we established the connection between the dual optimizers for the cost minimization
problem and the dual optimizers for the output maximization problem (Section 6, discussion following
Theorem 4). In this appendix, we exploit this connection to simplify the exposition of the proof of
Theorem 6. Specifically, we use that we can equivalently characterize the dual functions (¢, ) for the
overlapping segments of the worker and the job distribution, with the understanding that we can obtain
wages and job values using w(z) = a(z) — ¢(x) and v(z) = 0(2) — ¥(2).

To formulate Theorem 6 in terms of the dual potentials for the mismatch cost minimization problem,
we need to describe our sequential construction of the functions. For the interpretation of these objects, we
refer the reader to Section 6. We define sequentially the dual maps, analogous to our previous definitions

(23) and (24). Starting from ¢ = a — W, where @ are the dual values for mismatched workers z € I, let

¥(2) :=min (c(z,z) — d(z)) and ¢(x) := min (c(z,z) —¥(2)), (A.19)

xel zeluJ

where we recall that J is the set of mismatched jobs. Moreover, let

¥(z) := min (c(z,z) — QZ;(:E)), (A.20)

zelJJ

A~ A~

d(x) = ¢(x) for x € I, Y(z) = ¢(z) for z € J, and set ¢p(x) = c(x,z) — P(z) for € J and ¥(z) =
c(z,2) — ¢(z) for z € I. Finally, we define for z € K = X \ (I U J)

¢(z) = min_(c(z,z) — ¢(2)) (A.21)
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and (z) = c(z,2) — ¢(z) for z € K. It is easy to check that with these definitions, ¢ = a — w and
1 = 60 — v, with w, v given in Theorem 6.

To prove the result, we first define c-conjugate functions and analyze some of their properties.

For ¢ : I — R, we define the c-conjugate function for all jobs z € J as

¢°(z) := min (c(ac, z) — qS(:v)) (A.22)

zel

Denote by ¢(z,x) = ¢(x, z) and we further define for z € T

¢CE($) = (gbc)é(x) = min (E(z, x) — gbc(z)) = min (c(m, z) — qbc(z)) (A.23)

zed zed

Given these definitions, the following statements follow:>*

L ¢* > ¢.
This follows since for each x € I and z € J, ¢(x) + ¢°(2) < c(x, 2) or ¢(z) < c(x,z) — ¢°(2) by the
definition of the c-conjugate function. By taking the infimum z € J this leads to ¢°°(z) > ¢(x) by
the definition (A.23).

2. If ¢ = 4° for some v, then ¢ = .
First, we observe that ¢ = 1 naturally implies ¢¢ = 1. To see this, note that ¢¢ = 1)°© > 1), which
follows from the previous statement. This inequality, by uniformly decreasing from ¢¢ to v, together
with the definition (A.23), implies we uniformly increase the conjugate, or ¢ = (¢°)¢ < ¢ = ¢.
We establish ¢ = ¢°° by combining ¢ < ¢ with Statement 1.

3. If (¢,%) is an optimal dual pair, then so is (¢, ¢°).
Suppose (¢, 1) is a dual pair, then ¢(x) + 9(z) < ¢(x, z). It holds by the definition in (A.22) that
d(x) + ¢°(2) < ¢(x, 2) as well as ¢°(z) = 1(z). Since ¢°(z) = ¢(z) and (¢, ¢°) is a dual solution, it

follows that if (¢,1) is a solution to the dual maximization problem, then so is (¢, ¢°).

Lemma 13. ¢(z)+ ¢ (z) < ¢(x, z) for all workers 2 and jobs z such that z, z € I U.J, and equality holds
for (z,z) € I'y.

Next, we prove ¢(x)

Proof. That ¢(z)+1(z) < ¢(x, z) follows from definition of the dual optimizer for workers ¢(z) in (A.19).
Y(z) = ¢(x, z) for all workers and jobs (z, z) € I'y.

To prove that ¢(z)+1(z) = ¢(z, z) for workers and jobs (z, z) € I'y, we fix some pair (z, z) € I';. Since

(¢,¢°) is a dual solution to the assignment problem between remaining workers and jobs, ¢(z) + ¢°(z) =

4See Chapter 1 of Santambrogio (2015) for further details.

21



c(x, z) for all (x,z) € I'x. Given the definition of the dual value for jobs z € I U J in (A.19) we obtain
that ¢ (z) = I;lel? (cz,2) — QNS(:E)) = ¢°(z) and hence that ¢(z) 4+ ¥(2) = c(z, z) for all (z,2) € T. To
conclude the proof it remains to show that ¢(x) = ¢(x) for every worker = € I.

We next show that é(x) = gg(x) for every worker x € I. Since we replaced, without loss of generality,
the dual potential ¢ by the c-transform ¢°¢,% it follows from the definition of the c-transform that for all

z € I:

qg(ac) = qBCE(x) = min (c($, z) — ¢>c(z))

zedJ

Further, since z € .J, by definition of the dual potential for jobs ¥ (z) = milll (c(z,2) — qg(x)) = ¢°(2),
BAS
where the second equality follows from the definition of the c-transform. We substitute this relationship

into the previous expression for qg(m) to write

¢(x) = min (c¢(z, z) — ¢°(2)) = min (c(z, 2) — @(z))

zeJ zeJ

We can use the definition of the dual optimizers (A.19) to write that for all workers x € I:

¢(x) = min (min (c(aj, z) — @Z(z)), min (c(m, z) — 111(2))) = min (d;(l'), min (c(:n, z) — 1[)(,2)))

zeJ zel zel

where the first equality follows by splitting the sets in (A.19) and the second equality follows from the
equation above.
Hence, we want to show for x, z € I the infimum is attained by ¢(z). We show c(x, z) = ¢(z) + ¢(z).

This follows as the dual optimizer for all jobs is defined (z) := mi? (c(z,2) — (5(:1;)) forallze TUJ. O
re
Having established the two claims, we next prove Theorem 6.

Proof of Theorem 6. The proof is divided into three parts. We first show the inequality holds on I U J.

To do so, we consider four cases:

1. If x € I and z € J, we have

(x) +9(2) = d(z) — max (d(y) — ey, 2)) < e(x, 2)

yelJJ

because in the final step we subtract the maximum, but a feasible deduction is ¢(x) — c(z, 2).

55We can always improve on the original (ﬁ by doing a double c-conjugate transform by Statement 1 that is
weakly better in terms of the dual maximization problem, see Remark 1.13 in Santambrogio (2015).
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2. If z,z € I, then by Lemma 12 we have

$(z) + 9(2) = d(x) = d(2) + ¢(2,2)

= min (c(@.y) = $(u)) — min (c(z9) = $@) + (= 2) < cla 2).

The concluding inequality is obtained as follows. Suppose yg attains the infimum for the second
term. The same yp may not attain the infimum for the first term but is feasible, so the left-hand
side will be lower than when both terms are evaluated at yg, or

min (e(z,y) = 0(y)) = min (e(=,y) = $(y)) + c(z 2) < e(z,90) = clzy0) +e(2:2).

We combine the right-hand side with the diagonal triangle inequality of Lemma 12 to write c(z, z)+
c(z,90) — c(z,2) = e(x,yo), or c(z,2) = c(z,y0) — c(2,y0) + ¢(z, 2), to obtain the inequality.
3. IfxeJand z€ 1.

(x) +1(z) = max ($(y) — ey, 2)) = (=) + e(w, ) + ¢(z, 2).

yelJJ

We next want to show that this expression is less than c¢(z, z). This is equivalent to showing that
d(y) — c(y,z) — d(2) + c(z,x) + ¢(2,2) < ¢(x,z) for all y € T U J. To establish this, fix y, and
evaluate:

$y) — d(z) = min_(c(y,w) — P(w)) — min_(c(z,w) — P(w))

welJJ weluJ

where the equality follows from the definition of ngb in equation (A.19). Let wp be the value that
attains the infimum in the second term on the right, which is also feasible for the first term
so that ¢(y) — ¢(z) < e(y,wo) — ¢(z,wp). To bound this further, we use the diagonal triangle
inequality of Lemma 12 twice to write ¢(y,wp) — ¢(z,wo) < c(y,z) — ¢(z,2) as well as ¢(y,z) <
c(y,z) + c(z,2) — ¢(x,z). Using the diagonal triangle inequalities, we thus write ¢(y) — ¢(z) <
c(y,x) + c(x, z) — c(x,z) — ¢(z, z), which is what we wanted to show since y is arbitrary.

4. If worker and job x, z € J, use (A.20) to write

o(x) +¥(z) = c(z,x) + yrg%(é(y) — c(y,x)) — yrg%(é(y) — c(y, 2)).

To bound the right-hand side, let yo denote the value that attains the supremum in the first
term, which is also feasible for the second term. Hence, the right-hand side is bounded above
by c(z,x) — ¢(yo, z) + c¢(yo,2). By the diagonal triangle inequality of Lemma 12 it follows that

c(x,x) — c(yo, x) + c(yo, 2) < ¢(x, z) and hence we have ¢(z) + ¢(z) < c(z, 2).
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The second part of the proof shows that the equality holds everywhere on I U J with respect to the

optimal assignment w. We distinguish two cases:

1. The worker is perfectly matched to their job, or (z,z) € {(z,z) : x € R}. By construction,
¢(x) + P(z) = c(z, x).

2. The worker is mismatched in their job, or (z, z) € 'y, implying worker x € I and job z € J. Using
definition (A.20),

¢(x) +9(2) = (z) — max (d(y) - e(y, 2)).

yeluJ

( ) <

By Lemma 13, ¢(z) + ¥(z) < ¢(z, 2) for all (z,z). In particular, for a given job z, ¢(z) + ¥
) > i)

for all z, and mi —d(x) =9 ivalently, — b(x) —
c(x, z) for all z, an xrglllgj(c(x,z) o(x)) = 1¥(z), or, equivalently, max (¢(2) — c(z, 2

Combining this inequality with the previous expression, we obtain the inequality

d(x) +(2) = d(x) +P(2) = c(x, 2)

where the final equality follows by Lemma 13. Since we have shown the opposite inequality above

in the first case of the first part of this proof, we obtain that ¢(z) + ¥ (2) = ¢(z, 2).

In the third part of the proof we further establish that the dual inequality ¢(z) + 1(z) < ¢(z, z) holds

when z € K or z € K. There are three cases.

1.z ¢ K, z € K. For any 2/ ¢ K, we have ¢(z) + ¢(2') < c(z,2') by the first part of this
proof. Following the diagonal triangle inequality of Lemma 12, c(z,2') < ¢(x,2) + ¢(z,2') —
c(z,z). Therefore, ¢(z) — c(x,z) + c(z,2) < ¢(z,2") — ¥ (a’). Taking infimum over 2’ € I U J gives
d(x) — c(z,2) + ¢(z,2) < ¢(2) using the definition of ¢. Since ¥(z) = ¢(z,2) — ¢(2), this implies
B(x) +9(2) < ez, 7).

2. z€ K, z¢ K. Since z € I U J, the definition of ¢(x) in (A.21) gives

¢(x) = min (c(x,a:') - LZ)(ZL‘/)) <oz, z) —Y(z2).

z'eluJ

Therefore, ¢(z) + ¥(z) < c(x, 2).
3. x,z € K. We want to establish ¢(z) + ¥ (2) < ¢(x, z). Using the definitions of the dual potentials
n (A.21),

¢(z) +¥(z) = min (c(x,x’) — w(ac/)) + ¢(z,2) — min (c(z,x’) — w(ﬂc’)).

z'eluJ z'eluJ
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Suppose the minimum in the second term is attained by the worker value xg, and also evaluate the
first term at 2y where it may not attain the minimum, implying ¢(x) + ¥ (2) < c(x, xg) — c(z, xo) +
¢(z, z). By the diagonal triangle inequality, ¢(x, xo) —c(z, xg) +¢(z, 2) < ¢(x, z) and hence it indeed

follows that ¢(z) + ¢ (2) < ¢(z, 2).

By observing that ¢(x) + ¢(z) = c(x,x) on the set K, the equality ¢(z) + ¥(z) = c(z, z) holds when

xz,z € K and (x,z) € I';. This completes the proof in view of Lemma 1. O

A.8 Proof of Theorem 7

We first state a more general version of Theorem 7. The statement is more general as it applies to any cost
function such that —c is decreasing in the skill gap and same-sided submodular, which is more general

than cost functions that are increasing concave functions of skill gaps following Proposition 9.

Theorem 10. Comparative Statics of Composite Sorting. Suppose the cost of skill gaps ¢(x, z) satisfies
that —c is decreasing in the skill gap and same-sided submodular, and that x is some increasing convex
function so that ¢ = k(c) satisfies that —¢ is also decreasing in the skill gap and same-sided submodular.
If 7 is an optimal assignment with cost ¢ that satisfies the non-crossing property, then there exists an

optimal assignment 7 with cost ¢ such that = < 7.

To prove Theorem 10, we first provide a formal definition of the concordance order, and then proceed

to establish two intermediary results.

The probability measure 7 is smaller in concordance order than 7, written # < 7, if for any cutoff
coordinate (z., z.) we have m((—00,z.] X (—00, z.|) < T((—00, x| X (—00, z.|) and 7([z¢, 00) X [z¢,0)) <

7([we, 00) X [2¢,00)).70

Lemma 14. Local Cyclical Monotonicity. Suppose 7y is an assignment between distributions Fy and
Gy on a given layer satisfying the non-crossing property. Then 7, is an optimal assignment if and only if

the following holds:

1. For any arc (o, zp) in 7y and subpairs {(z;, 2;)},_; of (z¢,20), m¢ is optimal on the assignment

problem with workers {z;}!’_, and jobs {z;}}_g;

56By definition, two measures are comparable in concordance order only when they have the same pair of marginal
distributions, making the concordance order a natural tool to compare different assignments. For example, when 7
is the negative sorting or 7 is the positive sorting, @ < 7. We observe that < is a partial order on the probability
measures with fixed marginals.
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2. For exposed arcs {(Z;, Zi)}le in 7y, 7 is optimal on the assignment problem with workers {:Ei}le

and jobs {Z;}!_;.

Proof. The “only if” direction follows directly by cyclical monotonicity. For the “if” direction, let ¢
be a cost function such that —c satisfies the decreasing in the skill gap and same-sided submodularity
conditions, and m, satisfies Assumptions 1 and 2 above. By the duality for optimal transport (Lemma
1), it remains to construct a function ¢ : X UZ — R so that ¢(z) — ¢(2) < ¢(z,z) forallz € X, z € Z
and ¢(z) — ¢(z) = c(z, 2) for (z,z) € I'y,. To do this, we apply the regional hierarchical construction in
Theorem 4 — for which we provide detailed discussions in Appendices A.4 and A.5 — to the non-crossing
assignment 7my. The validity of the algorithm and the conditions on ¢ only require the optimality of
7 on the configuration {(z;, z;)},_, where (zo, 29) is any arc and {(;, z;)}}_, are subpairs, and on the
configuration of exposed arcs {(Z;, Zi)}le. Indeed, the optimality of these subproblems only enters in

the construction of local shifts (Lemma 7), whose setting is restricted to such subproblems. ]

Lemma 15. Suppose cost function ¢(z, z) is of the concave form (7) and for some increasing and convex
K, ¢(x,z) = k(c(x, 2)) is also of the concave form (7). On a layer ¢, if positive sorting is optimal with cost

¢, then it is optimal with cost ¢.

Proof. By contradiction, suppose positive sorting is not optimal for the cost function ¢. Then there exists
an optimal assignment for cost function ¢ that contains negatively sorted pairs (z,2) and (', 2’) where

z < 2’ and 2/ < z and is such that
é(z,2") +e(a, 2) > é(w, 2) + ¢(a', ). (A.24)

Without loss of generality, we consider z < z, so that by the non-crossing property, and since (z, z)
and (2/,2') are negatively sorted, we either have z < 2/ < 2/ < z, or we have z < 2/ < 2/ < 2. When
r < 2’ < 2/ < z, the non-crossing principle directly contradicts that positive sorting is optimal under
costs c.

Suppose r < 2’ < ' < z, and under the original cost function ¢, we have by assumption that
c(x,2) +e(2;2) < e(x,2) +c(2, 7). (A.25)

Observe max(c(z, '), c(2’, z)) < ¢(x, z), and that by optimality of negative sorting in (A.24), é(2/,2") <
min(é(x, 2'), é(2’, 2)), and hence, c(2’,2") < min(c(z, 2'), c(2’, 2)) since the function k is increasing. By

combining the two previous inequalities ¢(2/, 2’) < min(c(z, 2’), e(2/, 2)) < max(e(x, 2’), e(2’, 2)) < e(x, 2).
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To arrive at a contradiction, choose some weight A, 5 € [0, 1] to average the minimum and maximum

cost such that:

c(@’,2) = Xe(d',2') + (1 — Ne(z, 2);
c(z,2') = Be(a,2') + (1 — B)c(x, 2).

By adding these two equalities and comparing to inequality (A.25), it has to be true that A + 3 > 1.

Next, we use the convexity of the function x to establish

k(e 2))
k(c(z, ') = n(ﬂc(m’, 2+ (1= B)e(x, z)) < Br(e(',2) + (1 = B)k(c(x, 2)).

k(Ae(a’,2') + (1 = Ne(w, 2)) < Ae(c(2’,2)) + (1 = N)s(c(z, 2));

By adding these two inequalities, we write:
e’ 2) + ez, 2') < A+ Be(@’, ') + (2= (A + B))élw, 2) < e, 2') + é(x, 2)

where the final equality follows as A + 8 > 1 as well as é(a/, 2’) < é(z, 2) because ¢(2/, 2") < ¢(x, z). This

contradicts (A.24), concluding the proof. O
Using the two Lemmas we prove Theorem 10.

Proof of Theorem 10. Since the marginal distributions of workers F' and jobs G are fixed, the optimal
assignments 7 and 7 have the same layering structure. Hence, we fix a layer £ and consider the assignment
problem between workers Fy and jobs Gy in that layer. We treat my and 7y as assignments for layer /.

If 7y is an optimal assignment with cost ¢, the result directly follows when we pick 7y = my. Suppose

instead 7y is not optimal with cost ¢. Then, by Lemma 14, there are two possibilities:

1. There exists a pair (z¢, z9) of my with subpairs {(z;, z;) }Y_; such that the locally optimal assignment
with workers x; and jobs z;, where 0 < 7 < p, can be improved for cost ¢.

2. The locally optimal assignment on the set of exposed arcs {(Z;, Ei)}le can be improved for cost ¢.

In both cases, the assignment that improves upon 7 also satisfies the non-intersecting property and has
a strictly smaller total cost of skill gaps. The improved assignment may still not be optimal. However,
by iterating the procedure outlined in this paragraph, and since Fy and Gy are finite, we eventually reach
an optimal assignment for the mismatch costs é. In other words, step-by-step improvements on the local

assignment problems give an optimal assignment.
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Before proceeding, we observe that the second case can be directly ruled out by Lemma 15. Because
the set of exposed arcs {(:Z"Z-,Zi)}f:l is positively sorted, there is no way to improve this further by
Lemma 15. Hence, we focus on the first case in the remainder of this proof.

By the transitivity of the concordance order, it suffices to show that for each improvement step (on
a pair and its subpairs), the concordance order is increased.

To show that for each improvement step, the concordance order is increased, fix a pair (xg, z9) with
subpairs {(z;, ) }._; as in the top panel of Figure 6, and assume they form a locally optimal assignment
7. for the mismatch cost function c¢. Without loss of generality, take zg < zy. Since we are working on a
single layer, we must have xo < 21 < x1 <--- < 2, <, < 2.

We claim that there exists some locally optimal assignment s for the more linear mismatch cost é
with the following structure. For some g > 1, m; consists of pairs {(Z;, Z;)}{_, that are not contained in
any pair, and for each i, optimal sorting on the interval (Z;, %;) is positive, that is, ma|(z, z,) is the positive
sorting. This configuration is shown in the bottom panel of Figure 6. When this claim is true, it is
straightforward to verify that m. < 7. Indeed, the positive sorting patterns within each interval (Z;, Z;),
for all 1 < ¢ < ¢ coincide under the assignments 7. and 7, and the remaining part is positive sorting for
m¢s, where we recall that the positive sorting has the largest concordance order among all assignments.

To prove the above claim, suppose that in assignment 7, the worker zq is optimally paired to job zg
for some k. Consider the sorting problem between workers and jobs on the skill interval (zg, zx). Since
7. is optimal with the cost of skill gaps ¢, positive sorting is locally optimal on (zg, zx) given the cost of
skill gaps ¢. By Lemma 15, positive sorting is also locally optimal on (xg, zx) for the cost ¢. Therefore,
T consists of positive sorting on the region (zo, zx).

We continue this procedure to the right, that is, we start with worker zyy1, and repeat the above
argument. Continuing this procedure thus yields the desired structure for 7, meaning that within each

exposed arc there is positive sorting. O

We show that the sufficient conditions of Anderson and Smith (2024) for sorting to be more positive as

the output function changes do not apply in our setting in Technical Appendix B.7.

Threshold for Layered Positive Assignment. The previous result shows that a more concave cost
function yields more negative sorting, and a less concave cost function yields more positive sorting. We
next derive a threshold for concavity beyond which optimal sorting is the most positive assignment for our

economy when the concave mismatch cost is given by a power function.”” The most positive assignment

5TSpecifically, consider the cost of skill gaps ¢(z, 2) = By (z — 2)% for > z and c(x, 2) = By(z — )% for z > .
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for our economy is given by positive sorting in each layer, which we call layered positive sorting. It is
important to note that positive sorting in each layer does not imply positive sorting overall.

We consider the assignment problem with power indices ¢, and ¢, for the costs of skill gaps are close
to one, that is, when the cost of skill gaps is almost linear in the distance between the worker skill and
the job. First, we maximize the number of perfect pairs. Second, we decompose the assignment problem
into layers 0 < ¢ < L. Third, when ¢, and ¢, exceed the threshold ¢, the optimal assignment within each
layer is simple. Specifically, we show in Theorem 11 below that the optimal sorting within each layer is

positive sorting, which we denote by 7,

. The solution to the full assignment problem is given by the
combination of the positive assignments within each layer. We refer to this assignment as the layered

positive assignment denoted by nt =Y.

Theorem 11. Layered Positive Sorting. For any worker and job distributions with finite support, there

exists ¢ < 1 such that for any Cp>Cu € [¢, 1], the layered positive assignment 77 is optimal.

Proof. After maximizing perfect pairs, by Lemma 3, we can restrict attention to assignments between
worker and job distributions that are supported on disjoint sets. This means that the distributions F' and
G are supported on a finite set S, and we denote by § the smallest pairwise distance between elements
in S, and by D the largest pairwise distance between elements.”®

We show there exists 0 < ¢ < 1 such that for any CprCu € [C, 1], the layered positive assignment 77 is
optimal with respect to the mismatch cost ¢(z, z). To prove the result, consider ¢ such that for any pair

(6", D) e {(8",D') | § <5 <D <D, D'—§ > 26}

21-{(D' — §')¢ < D, (A.26)
Such a ( exists because both sides of (A.26) are uniformly continuous in ¢ on {(§',D’) | § < ¢ < D' <
D, D' —§ > 26} and “<” holds uniformly when ¢ = 1. Consider (p, ¢, € [, 1]. It suffices to prove that
the optimal assignment within a layer does not contain any nested arc for the mismatch cost

Bp(z —x)%  if 2 > x;
c(x,z) = (A.27)

Bu(z —2)% if z < .

By the principle of layering in Lemma 2, we decompose both measures F' and G into layers. Here we

assume without loss of generality that the lowest skill worker comes before the lowest skill job: z1 < z1.

58This proof can be extended to the case of continuous distributions when F and G are compactly supported with
the measure of underqualification H := F — G satisfying that both H and —H have finitely many local maxima
and those maxima are strictly above zero.

29



On each layer there are 2k equal masses on the skill levels 1 < z1 < -+ < xp < 2z in S that are at
least 0 apart. The maximum distance within this layer is exceeded by D > z, — x1. Let {z;}1<j<kr be
the locations of mass on the layer for workers, and let {2;}1<;j<r be the locations of mass on the layer
for jobs. By contradiction, suppose that the optimal assignment within this layer instead does contain a
nested arc, so it holds for some z1 < u < v < s <t < zp — where we assume t and v are jobs and u and

s are workers — that:
By(t —u)% + By(s —v)% < By(t — 8)% + By(v — u)*.

By concavity of the function z — BpxCP for x > 0,

Cp

By(t — 5)% + By(v —u)* < 2B, (1(75 —s)+ %(v - u)) = 21_C”Bp((t —u) — (s — U))CP.

2

Putting ¢ = (p, t —u = D’, and s —v = ¢’ in equation (A.26) leads to a contradiction. Hence the optimal
assignment within this layer does not contain any nested arc for ¢, € (¢, 1].
For the alternative case — where ¢t and v are workers and u and s are jobs — the conclusion follows

from the exact same steps, with the subscripts on B and ( interchanged in the previous paragraph. [

The implication of Theorem 11 is that for mismatch power values close to one, the solution can be directly
constructed by constructing the measure of underqualification, and constructing the positive alternating
assignment by layer.”” While this assignment generates positive sorting within each layer, we emphasize

this does not imply positive sorting overall.

59 Juillet (2020) calls the layered positive assignment an excursion coupling and shows that the layered positive
assignment is the limit of some optimal couplings as ¢ — 17. We complement their result by proving the existence
of a threshold ¢ beyond which the layered positive assignment is optimal for our environment.
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B Additional Results

In this appendix, we present additional technical results.

B.1 Equilibrium

We formally define an equilibrium for this economy.

To define an equilibrium, we specify the firm problem and the worker problem. A firm with job z employs

a worker x to maximize profits taking the wage schedule w as given. The firm problem is:

v(z) = max y(z,z) —w(x). (B.1)

Taking firm compensation v as given, worker x chooses to work in occupation z to maximize wage income:

w(x) = max y(x, z) —v(z). (B.2)

Equilibrium. An equilibrium is a wage function w, a firm value function v, and a feasible assignment 7,
such that firms solve their profit maximization problem (B.1), workers solve the worker problem (B.2),

and a feasibility constraint is satisfied

/ y(z, 2) dr = / w(z)dF + / v(z) dG, (B.3)

which states that the total quantity of output produced, f y(z, z) dm, equals the total quantity of output

distributed to workers and jobs.

B.2 Layering

First, we prove the layering property (Lemma 2). Second, we illustrate the construction of layers and the

use of the layering property in characterizing optimal sorting through a number of examples.
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Figure B.1: Measure of Underqualification

Figure B.1 illustrates the construction of the measure of underqualification H. The top panel is an example of the worker distribution
F (black line) and the job distribution G (orange line) with five workers and five jobs. Distribution F' has one worker at skill level s1
and four workers at skill level s3. Distribution G has two jobs at skill level sg, a single job at s4, and two jobs at s5. The bottom panel
presents the measure of underqualification H defining the extent to which workers up to skill level s outweigh the jobs requiring skill

levels up to s as H = F — G.

B.2.1 Proof of Lemma 2

Figure B.1 illustrates the measure of underqualification. The top panel gives an example of the worker
distribution F' and the job distribution G. Distribution F' has one worker at skill level s; and four workers

at skill level s3. Distribution G has two jobs at skill level so, a single job at s4, and two jobs at s5. The

underqualification measure between s; and s9 is H = % as there is one worker at s; and no jobs less than

so. Between so and s3, the underqualification measure is H = —% as there are two jobs and only one

worker below skill level s for each s € (s2,s3]. The similar intuition holds for the other points yielding

the measure of underqualification H € {a,}i_, = {—%,0, %, %,% at skill levels {s;}?_;. Generally, an
underqualification measure has jumps at a finite number of skill levels {s;} and takes a finite number of
values in {ag,a1,...,ar} if the distributions of workers and jobs are discrete.

To illustrate the construction of layers we plot the blue dashed lines which indicate the different values
of the measure of underqualification in the bottom panel of Figure B.1. Layers are confined between two

successive blue lines. There are thus four layers in this figure. The top layer (between a3z = % and a4 = %)



contains a worker at skill level s3 and a job at skill level s4. The second layer between as = % and ag = %
consists of one worker at skill level sz, and one job at skill level s5. The third layer between a; = 0 and
as = % consists of one worker each at skill levels s; and s3, and one job each at skill levels sy and s5. The
bottom layer (between ag = —% and a; = 0) consists of one worker at skill level s3 and one job at skill
level s2. We note that a worker or a job at the same skill level may generally belong to different layers.
For example, there are two jobs at skill level s; which are split between the second layer and the third
layer.

We observe that each layer consists of an alternating configuration of workers and jobs, that is, either
X1 <21 <o <29 << xp < 2y (for layers above 0) or 21 < 21 < 20 < 29 <+ -+ < 2z, < xp, (for layers
below 0). We define an alternating assignment problem as an assignment problem between n workers and
n jobs, where workers and jobs are arranged in increasing order and alternating such that every worker
skill level is followed by a job difficulty level. Let F; and G, be the measures of the workers and the jobs
in layer /4.

After providing a decomposition into layers with alternating configurations, Lemma 2 shows how to
solve the full assignment problem using the solutions to the assignment problem within each layer. To
prove Lemma 2, we make use of the following result due to Villani (2009). We repeat the result here for

completeness.

Lemma 16. Stability of Optimal Assignment. Let c¢(x,z) be a continuous non-negative cost function,
and {F) }nen, {Gn}nen be sequences of distributions of workers and jobs, respectively. Suppose F, —
F, G,, — G weakly for some F, G,°° and let 7,, be an optimal assignment between F,, and G,,. If 7, — 7

in distribution, then 7 is an optimal assignment between F' and G.

Lemma 16 assumes that the cost function ¢ is continuous, but it may not be the case for our output
function satisfying Definition 3 and Definition 4. The next lemma selects the proper continuous version

of a cost function on a discrete lattice in order to apply Lemma 16.

Lemma 17. Let X, Z be finite subsets of R. Let y be an output function that is same-sided submodular
and decreases in the skill gap. Then there exists a continuous output function 7 so that 7 is also same-sided

submodular and decreases in the skill gap, and y = 4§ on X x Z.

Proof. Write S = X UZ = {sg < --- < sy} and I = [sg, spr]. We first define 7 on I2. Set § = y on S,

60This means that F,, — F on continuity points of I’ and respectively for G.



so g =y on X x Z. On each off-diagonal rectangle [s;, s;4+1] X [s;,sj41] with i # j, define § as

Si+1 — T Sj+1 — 2 r—S5; Sj+1— %2
y(3i7 Sj) =+
Si+1 — Si Sj41 — S5 Si+1 — S5 Sj+1 — S5

Si41 —T 22— 85 xr — S; Z— 85

g(l‘,Z) = y(5i+1>5j)

(B.4)

+ y(si, 85+1) + Y(Si+1,85+1)-
Si+1 — S Sj41 — S5 Si+1 — S8 Sj41 — S5
On each diagonal square [s;, s;11]?, we split the square along the diagonal to define §. For s; < 7 < z <
Si+1, set
Sit1 — 2 z—x T — 8
J(z,2) = ————y(si,81) + ————y(si,5i41) + —y(sit1,5i41)- (B.5)
Si+1 — 84 Si+1 — 5§ Si+1 — 5¢

- Si+1 — & xr— 2z zZ—8;
y('ra Z) - Ly(sia Si) + 79(&‘-&-1; Si) + =
Si+1 — 54 Si+1 — 54 Si+1 — S5

Y(Sit1, Sit1)- (B.6)
The two affine interpolants agree on the diagonal, and § is continuous on I2.

We verify the desired properties of ¢. The decreasing in the skill gap property is obvious since all
coefficients above are non-negative in (B.4), (B.5), and (B.6), so we focus on the same-sided submodularity.
Since any same-sided rectangle in I? can be partitioned into finitely many rectangles with sides in S, it

remains to prove the same-sided submodularity on rectangles with sides in §. Consider a rectangle below

the diagonal given by s; < s;41 < s; < sj41. For any subrectangle [x1, z2] X [21, 22| contained in it

g(x1, 22) + Y(x2, 21) — G(z1, 21) — G(x2, 22)

X9 —T1 22— 21
= (y(sza sj+1) T Y(si+1,55) — y(sis85) — y(si+1, 8j+1)) > 0.
Si+1 — Si Sj+1 — 55

Hence, 3 is same-sided submodular on this rectangle. The case above the diagonal is identical.

On a diagonal square [s;, s;11]%, consider first a subrectangle below the diagonal, so that s; < z1 <

o < 21 € 22 < Si41. Since ¢ is an affine function in z, z on the triangle s; < < z < s;41, we have

g(x1, 22) + Y22, 21) — 91, 21) — (a2, 22) = 0.

The case above the diagonal is identical. Hence, 3 is also same-sided submodular on the diagonal square.
This proves the same-sided submodularity for g.

Finally, we extend the domain of § to R? by projecting onto I. Let p(t) = min{max{t, so}, s}
and define g(z, z) := y(p(x),p(z)). Since p is nondecreasing, it preserves the decreasing in the skill gap
property. Finally, same-sided submodularity follows since any rectangle is equivalent to a rectangle in I?

with the same vertex values. O
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Figure B.2: Smoothed Measure of Underqualification H..

Figure B.2 illustrates the smoothing of the measure of underqualification H displayed in the left panel. The corresponding smoothed

measure of underqualification H. is presented in the right panel.

Proof of Lemma 2. Given the measures of workers and jobs in each layer, we observe that the worker
and job distributions are supported on disjoint sets and on a finite set of skills {s;}1<j<s. We choose §
as in Lemma 17 and work with the output function ¢ instead of y in what follows. Write ¢ = —g the
associated cost function. We smooth both the discrete distribution of workers and the discrete distribution
of jobs by replacing each atom in the worker and job distribution at level s; by a uniform distribution
on [sj,s; + €] with the same mass for every 1 < j < S, where ¢ is small enough such that the intervals
[sj,8; + €] for all 1 < j < S do not intersect. In Figure B.2, we provide an illustration of this procedure.
We denote the smoothed measure of workers by F. and the smoothed measure of jobs by G., and the
corresponding underqualification measure by H.. An optimal assignment given worker measure F. and
job measure G is given by .. Since the mismatch cost ¢ is continuous, by the stability of the optimal
transport, m. — m weakly where 7 is the optimal assignment between workers F' and jobs G.

Consider the support AL := H'((ag_1,a)) for all layers 1 < £ < L and define the smoothed worker

distribution F! := F.

At and the smoothed job distribution Gﬁ = GE‘ At for every layer such that
F. =Y F!and G. = Y G..5" Moreover, let an optimal assignment between workers F* and jobs G in
layer £ be denoted by 7. Clearly, this assignment 7’ is supported on the set (A%)2.

Next, we establish that the sum of optimal assignments across layers > 7! is an optimal assignment
between the smoothed worker distribution F. and the smoothed job distribution G.. Let m. be some
optimal assignment between F. and G. that satisfies the property of no intersecting pairs. By cyclical
monotonicity, the assignment 7. is concentrated on a support I'. that satisfies the property of no in-
tersecting pairs. Since the smoothed distributions F. and G. are both atomless, this implies that any

pairing (z, z) € I'c where z < z satisfies F.([z, z]) = G<([z, z]). In turn, by the definition of the measure

61The choice of an open or closed interval (ag—1,a¢) does not matter because the inverse of the boundary points
is negligible with respect to the measure F; + Gk.



of underqualification H, this implies H.(z) = H.(z) meaning that = and z are both part of the same layer
Ag. As a result, it follows that the support of the assignment m. is contained in the union of the support

of all layers, or T'. C [J(A%)2. Since all the supports { A’} are disjoint, the assignment 7. transports

‘(A§)2
between F! and G£. Since nf is an optimal assignment between workers FY and jobs GZ, it follows that

the cost of mismatch for layer £ is greater under the assignment Wg‘ ( that is, [ ¢ dwa‘ > [ec d7r

AL
By summing over all layers 1 < ¢ < L, we can write that
/cdws—Z/cdngz Z/cdw-/cd(ZW)
1<e<L 1<e<L 1<e<L

Since Y 7! is a feasible assignment between the smoothed distributions F. and G., and the mismatch
cost is at most the minimum mismatch cost, it follows that 7T£ must be an optimal assignment.

To conclude the proof, it follows from our construction and the stability of the optimal assignment
that wf — 7t and wa — m weakly along a subsequence, by without loss of generality extracting a
convergent subsequence using compactness of II. Thus,

W—il_r)r(l) 7r Z hm7r Z xt

1<U<L 1<6<L” 1<U<L
B.2.2 Examples

In this appendix, we provide additional illustrations of our theory.

Reflecting Binomial Distributions. To illustrate layering, we consider the following example. Let
the skill levels be given by {0,1,2,3,4}, the numbers of workers with these skill levels are given by
{16,32,24,8,1}, and the numbers of jobs with these skill levels are given by {1,8,24,32,16}. This
corresponds to an economy where both worker skills and job difficulties are distributed following binomial
distributions, where we denote the worker skill distribution by B(n, p) and the job distribution by B(n,1—
p) with n =4 and p = % In this case, the two binomial distributions are called reflecting as they have
parameters p and 1 — p

We determine the solution to this sorting problem using the theory in Section 4. The first step is to
maximize the number of perfect pairs. At skill level 0, there are 1 job and 16 workers. We perfectly pair
this job with one of these 16 workers. Analogously, we perfectly pair {8,24,8,1} workers at each skill
level in {1,2,3,4}. After maximizing perfect pairings, we are left with 15 workers of skill level 0 and 24
workers of skill level 1 together with 24 remaining jobs of skill level 3, and 15 jobs of skill level 4.

Next, we apply the layer analysis to the remaining workers and jobs. The difference between the

worker and job distribution, the measure of underqualification, is presented in the top panel of Figure
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Figure B.3: Sorting with Reflecting Binomial Distributions

Figure B.3 explains composite sorting for an example with reflecting binomial distributions for workers (indicated by the hollow circles)
and jobs (indicated by the dots). The top panel illustrates the measure of underqualification. The bottom panel visualizes the optimal
assignment, where an arrow indicates that a given worker type is paired with a given occupation. The numbers next to the arrows

indicate the number of workers of this type that are assigned to the corresponding occupation.

B.3. In this case, we split the assignment problem into two layers. The top layer consists of 24 workers
(39 —15) of skill level 1 and 24 jobs of skill level 3. The bottom layer consists of 15 workers of skill level 0
and 15 jobs of skill level 4. Within each layer there is only one feasible sorting. Across the layers, there is
negative sorting, meaning that the best job is paired with the worst worker (bottom layer) and the worst
job is paired with the top remaining worker (top layer). This negative sorting pattern within each layer
is represented by the top two arcs in the bottom panel of Figure B.3. The circular arcs in the bottom
of the second panel of Figure B.3 represent the optimal perfect pairing between workers and jobs to the
extent that their distributions overlap.

Summarizing, the assignment problem with these reflecting binomial distributions simultaneously
features both positive and negative sorting. Furthermore, we note that, as in the first example, the same
job type is assigned to distinct worker types. For example, among the 32 jobs with skill level 3, 8 of them
are matched perfectly with workers of skill level 3, while 24 of them are matched with workers of relatively
low-skill level 1. In sum, the structure of the assignment is twofold: positive sorting of identical pairs

and, for the remaining workers and jobs, pairing two points in each layer leading to negative sorting.%?

62Tn fact, this result applies more broadly to any pair of worker and job distributions that lead to a unimodal
measure of underqualification H.



Reflecting Binomial Mixture Distributions. We now develop a more general example that provides
a baseline intuition for the quantitative analysis in Section 8.

We take the previous case with the reflecting worker skill distribution and the job distribution pa-
rameterized by p = é and n = 4, and mix these distributions with a reflecting binomial worker and job
distribution with p = 1 and n = 4 in the ratio of 3 : 1. Again, we consider skill levels {0,1,2,3,4} where
now the number of jobs with these skill levels is {28, 8,24,32,16}, and the number of workers with these
skill levels is {16, 32,24, 8, 28}.

We first maximize perfect pairs. For example, we sort 16 jobs with skill level 0 to all workers with
skill level 0. Similarly, we perfectly pair {8,24,8,16} jobs with skill levels {1,2,3,4}. After maximizing
perfect pairs, we are left with 24 workers of skill level 1 and 12 workers of skill level 4 together with 12
remaining jobs of skill level 0, and 24 jobs of skill level 3.

Second, we decompose the problem into independent layers. The measure of underqualification H
after normalization® at the respective skill levels is thus given by {—12,12,12,—12,0}, and is depicted
in Figure B.4. The top layer consists of 12 workers of skill level 1 and 12 jobs of skill level 3. The bottom
layer contains four distinct elements: 12 jobs each at skill levels 0 and 3 and 12 workers each at skill
levels 1 and 4.

Third, we characterize the optimal assignment for each layer independently. As in the case of the
two reflecting binomial distributions, there is only one feasible sorting in the top layer. The problem
for the bottom layer is identical to the example of positive and negative sorting where worker skills are
represented by xy and xj7, while jobs are represented by zy and zp satisfying z;, < zp < zg < . The
assumed distributions of skill levels imply that dr; = dgg = 1,drg = 2 and dip, = 4. In this case, the
sorting within the bottom layer is positive since 2 < 2¢ 4 4¢ for all ¢ € (0, 1).

The full optimal assignment is shown in Figure B.4. Consider the jobs with skill difficulty 3. These
jobs are paired with workers of skill 1, 3, and 4. Similarly, the workers with skill type 1 are paired with
jobs of type 0, 1, and 3. We emphasize that, even without perfect pairing (the bottom row of the bottom

panel, circular arcs), the job type with skill difficulty 3 is a part of both positive and negative pairing.

B.3 Sorting Within a Layer

We construct a recursive characterization for an optimal assignment within a given layer. This recursive
formulation reflects on the salient features of optimal sorting stemming from the concavity of the cost.

We use the approach of Aggarwal, Barnoy, Khuller, Kravets, and Schieber (1995) that centers on the

63That is, multiplied by the total number of workers or jobs, equal to 108.
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Figure B.4: Sorting with Reflecting Binomial Mixture Distributions

Figure B.4 explains composite sorting for an example with reflecting binomial mixture distributions for workers (indicated by the hollow
circles) and jobs (indicated by the dots). The top panel illustrates the measure of underqualification. The bottom panel visualizes the
optimal assignment, where an arrow indicates that a given worker type is paired with a given occupation. The numbers next to the

arrows indicate the number of workers of this type that are assigned to the corresponding occupation.

property of no intersecting pairs. Specifically, we adopt the recursive algorithm developed by Nechaev,
Sobolevski, and Valba (2013), designed to model statistical properties of polymer chains.%*

The optimal assignment problem for a given layer is an alternating assignment problem. By Birkhoff’s
theorem (Birkhoff, 1946), an optimal assignment within a layer matches one worker with precisely one job.
For notational convenience, we order workers and jobs within each layer by their skill levels. Let there be
ny workers and ny jobs in a given layer, and we denote the skill levels by s1 < s2 < -+ < S9p,-1 < Sap,.

We write a Bellman equation to calculate the minimum aggregate cost of skill gaps. The recursive
component of the Bellman equation is that we consider assignment problems with an increasing number of
skill levels. We start by solving all assignment problems between two consecutive elements: the assignment
problem between one worker and one job. That is, we consider assignments between skill levels s; and

s;+1, for each 7. Using the solutions from the previous step, we proceed to solve all assignment problems

between four consecutive elements (two workers and two jobs) and so on.

64The properties of maximal number of perfect pairs, no intersecting pairs, and layering by themselves may be
useful to construct simple algorithms to approximate optimal sorting mechanisms for concave costs. Caracciolo,
D’Achille, Erba, and Sportiello (2020) and Ottolini and Steinerberger (2023), for example, only use no intersecting
pairs and layering to, respectively, construct a Dyck algorithm and greedy matching algorithm to study approximate
optimal sorting for a random assignment problem. They show that the aggregate costs of skill gaps under the simple
assignment scale similarly to the aggregate costs of skill gaps for the optimal assignment, that is, achieves optimum
on average up to a scaling constant, in the asymptotic limit with the number of points tending to infinity.



We denote by V; ; the minimum cost of mismatch when sorting all workers and jobs with skill levels
between s; and s; (inclusive), where j > 4. The difference j — i is odd so that there are equal numbers of
workers and jobs between s; and s;. Considering an assignment of workers and jobs with skill levels in
[si, 55], the planner can pair the leftmost s; with any s such that k — i is odd. Upon pairing s; with sy,
the planner remains to optimally pair the workers and jobs in [s;11, sg—1], and all workers and jobs with
skill levels in [sk1,s;]. The main observation that facilitates this characterization is that there are no
pairings between these two segments because this violates the property of no intersecting pairs. Using

the results from previous steps to obtain costs V;;1 -1 and Vj4q ; delivers the Bellman equation:

~min (c(sz-, sk) + Vig1 k-1 + Vk+1’j) if ¢ is a worker;
WJ — ke{l+171+377]} (B"?)
min (C(Sk, Si) + Vi+1,k71 + Vk+1,j) if 7 is a job,

ke{it+1,i+3,....5}
with boundary conditions V;11,; = 0 for all 3.65
Finally, we construct an optimal assignment. Starting from Vi ,,, the optimal pairing of skill s; is
given by skill s, that solves equation (B.7). Then two corresponding continuation values, V5 ;1 and
Vit+1,2n,, are evaluated to determine optimal pairings for skill s and for skill s, 1, respectively. This

process of finding an optimal assignment continues until a full assignment is constructed.

B.4 Applications in Spatial Trade Theory and Urban Economics

In this appendix, we provide a more detailed discussion on the application of composite sorting to spatial

trade theory and urban economics.
B.4.1 Spatial Theory of Trade

We consider a spatial trade model with regions on a line following Rossi-Hansberg (2005). First, we
provide an overview with the main insight. Second, we relate this insight to a competitive equilibrium.

Third, we embed the main insight into a richer equilibrium spatial theory of trade akin to Rossi-Hansberg

(2005).
B.4.2 Overview

Consider an economy with a single good and locations on a line from 0 to 1. A location r € [0,1] is a

point on this line. Let f(s) be the mass of sellers at location s, where each seller sells one unit. Let g(r)

65The boundary conditions are invoked at either end of the choice interval. When k = i + 1, the minimum cost of
mismatch is ¢(s;, S;4+1) + Vit2,5, the cost of pairing the first worker to the first job, together with optimally sorting
all skill levels from s;42 to s;. When k = j, the minimum cost is ¢(s;, s;) + Vit1,j—1, the cost of pairing the first
worker to the last job, together with optimally sorting all intermediate skill levels between s;; and s;_1.
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be the mass of buyers at location r, where each buyer buys one unit. Let u(r) be the utility of consuming

the good to each buyer at location r.9

It is costly to transport goods between locations. As in Fujita, Krugman, and Venables (1999),
and Rossi-Hansberg (2005), if one unit is transported from s to r, the transport costs are equal to
7(s,7) = 1 — e 577l which is concave in the distance between locations s and r as k > 0. The

assignment problem that characterizes equilibrium trade minimizes total transportation costs:

min /T(S,T)dﬂ',

mell

which is our assignment problem with concave costs of mismatch.
B.4.3 Competitive Equilibrium

Equilibrium. Given the sellers distribution f and the buyers distribution g, a competitive equilibrium

is a trading pattern m, prices p and benefits b such that:

1. Buyers at location r solve:

b
Jnax, (r)x,

where the buyer benefit per unit is the utility per unit minus transport costs and price paid:

b(r) = max (u(r) —7(s,7) — p(s)).

S

Buyers buy from the location where their utility after transportation costs and prices paid are
largest.

2. Sellers at location s solve:

JZax, p(s)z,

where the unit price p is buyer utility minus the transport costs and buyer’s net benefit:

p(s) = max (u(r) —7(s,7) — b(r)).

T

Sellers sell to the location where they can extract most revenues from the buyer.

66This framework takes as given supply and demand in each location. We endogenize supply and demand across
locations in the next section. More generally, this argument would be embedded in a larger framework where this
argument is a part of the equilibrium fixed point characterization.
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3. Markets clear:

o) = / w(s,7) ds and (s) = / w(s,7) dr

Equilibrium Characterization. We construct equilibrium trade patterns and prices by solving a primal

and dual assignment problem.

Primal Problem. The primal assignment problem characterizes trade:

max Z (s, r)y(s,r)
where y(s,7) = u(r) — 7(s,7) = u(r) — 1+ e "5l subject to = € TI(f,g). This is an optimal transport

problem with concave distance costs.

Dual Problem. The dual problem characterizes equilibrium buyer benefit b and prices p:
min Y F(5)p(s) + 3 g(r)b(r)

subject to, for all (r, s):
p(s) +b(r) = y(s,r)

Proposition 12. Let m solve the primal problem and (b,p) solve the dual problem. Then (b,p, ) are

equilibrium prices and an equilibrium trade pattern.

Proof. First, by linear duality it follows that p(s) + b(r) = y(s,r) everywhere where m > 0. By the

constraint of the dual problem: p(s) + b(r) > y(s,r) for all (s,r). Therefore:
b(?") = y(s,r) - p(S) Vs = b(?“) 2 max (y(S,?”) - p(S))7 (BS)

p(s) = y(s,r) =b(r)  Vr = p(s)

WV

max (y(s, r) — b(r)). (B.9)

T

Since b(r) 4+ p(s) = y(s,r) on the assignment where 7 > 0, (B.8) and (B.9) hold with equality. Hence, the
prices satisfy optimizing buyer and seller behavior (Equilibrium Conditions 1 and 2). Because 7 solves

the primal problem, it is feasible, and hence satisfies market clearing (Equilibrium Condition 3). O

B.4.4 A More Detailed Spatial Theory of Trade

We connect the simple trade model to Rossi-Hansberg (2005). Relative to Rossi-Hansberg (2005), we
make the intermediate good an endowment, workers immobile, and final goods production of Leontief

form.

12



Consider a line from 0 to 1. A location r € [0,1] is a point on this line. Every location r is endowed
with an immobile body of workers n(r) and an endowment of intermediate goods g(s).
The environment features two types of goods: a final good and an intermediate good. Final good

production at location r is:

x(r) = z(r)fl(r),ur)), (B.10)

where z(r) is factor productivity in location r, ¢(r) is employment in the production of final goods and
t(r) is the intermediate input.%” Let f be of Leontief form f(¢,:) = min{¢,.}. The final good is traded
at no cost and is the numeraire good.

The intermediate good (for example, a natural resource) is endowed. At location s, the intermediate
goods endowment is g(s). Intermediate goods are costly to transport, where the transportation costs are
paid in final goods. Following Fujita, Krugman, and Venables (1999) and Rossi-Hansberg (2005), the
unit transportation cost in terms of the final good is 7(s,7) = 1 — e~ **="|. Let n(s,r) denote the trade
of intermediate goods from origin s to destination r.

Households are heterogeneous in terms of the location r in which they live and consume final goods.
Households have increasing preferences over final goods consumption u(c(r)) where u is a strictly in-
creasing function. The budget constraint is given by ¢(r) < w(r), where w(r) denotes labor income for

individuals in location r.

Final Goods Producer. The final good producer at location r chooses labor and intermediate inputs

to solve

H}ix (2(r) min{¢,c} — w(r)l — p(r)). (B.11)

With this Leontief technology, production yields equal input quantities. The cost of intermediate inputs
p(r) solves the sourcing problem, where the firm at location r chooses intermediate inputs from all possible

locations:

p(r) = min (p(s) + 7(s,7)) (B.12)

The input cost from a particular location is the price that needs to be paid at location s and the costs of

transporting the input from location s to location r, 7(s,r).

67Total factor productivity can follow the externality-based form of Rossi-Hansberg (2005), where spillovers
depend on nearby employment in the sector: z(r) = fol Se=0r=sly(s) ds

13



When production is positive, ¢(r) = «(r) = z(r)/z(r). The firm problem collapses to choosing the
common quantity to solve max (2(r) —w(r) — p(r))¢. Since the production function is constant returns

to scale, there are no profits. The unit revenue must equal its unit cost:
z(r) = w(r) + p(r). (B.13)

Together with the budget constraint this yields ¢(r) = z(r) — p(r). Once the cost of intermediates p(r) is

characterized, so are wages and consumption.

Intermediate Goods Firm. The intermediate goods producers choose the seller to maximize their

price per unit p(s):

p(s) = max (]3(7’) —7(s, 7“))

T

The price per unit is the total cost of the intermediate good producer p(r) minus transportation costs to

get the good from locations s to location r.

Market Clearing. Market clearing for intermediates requires:

W(r) = / n(s,r)ds and g(s) = / (s,r)dr (B.14)

Equilibrium. Given a distribution of workers n and intermediate goods g, an equilibrium consists of

functions {¢, ¢, w, p, p, m,¢,x} such that, for all locations r:

1. Labor market clearing £ =n
Intermediate goods firms solve the intermediate goods producers problem
Final good producers solve (B.11) yielding (B.13)

Intermediate goods market clears (B.14)

AT Sl R

Final goods market clearing:

/0195(7“) dr — /01 /01 m(s,r)7(s,r)dsdr = /01 c(r)n(r)dr + /Olp(S)g(s) ds

Final goods net of transport costs are either consumed by workers or by intermediate good pro-

ducers.

Equilibrium Characterization. We construct equilibrium trade patterns and prices by solving a primal
and dual assignment problem. Given a worker distribution n and intermediate goods distribution g, the

trade pattern solves an optimal transport problem with concave costs.

14



Primal Problem. The primal assignment problem characterizes trade:

min Zﬂ(s, r)7(s,1)

subject to 7 € II(g,n), which is an optimal transport problem with concave costs.

Dual Problem. The dual problem characterizes equilibrium prices: input costs p and prices p:
max =3 g(s)p(s) + > n(r)p(r)

subject to, for all (s,7):
—p(s) +p(r) <7(s,7).

Proposition 13. Let 7 solve the primal problem and (p,p) solve the dual problem. Then (p,p, ) are

equilibrium prices and an equilibrium trade pattern.

Proof. By linear duality, p(r) — p(s) = 7(s,r) on the support of the optimal trade pattern w. By the

constraint of the dual problem: —p(s) + p(r) < 7(s,7) for all (s,r). Therefore:

p(r) < min (p(s) + 7(s, r)) (B.15)

s

p(s) > max (]5(7“) —7(s, r)) (B.16)

r

p(r) < p(s)+7(s,7) Vs

I

p(s) = p(r) —7(s,7) Yr

Since —p(s) + p(r) = 7(s,r) on the assignment where 7 > 0, (B.15) and (B.16) hold with equality. As a
result, the equilibrium sourcing conditions are satisfied. Because 7 solves the primal problem, it satisfies

the intermediate goods market clearing condition. O

Given the characterization of these prices and costs, wages and consumption are pinned down by the firm
problem and the household budget constraint w(r) = ¢(r) = z(r) — p(r). Labor market clearing implies
£(r) = n(r) while firm optimization implies ¢(r) = ¢(r). Output x(r) = z(r)¢(r). In order to see that the

goods market clears, we first aggregate output across locations:

/olwmdr_ /0 () dr = /0 ) dr + /0 () dr

where the second equality follows from the firm problem and household budget constraint. We observe

this implies that the resource constraint holds with equality since:

1 17‘1’(5,7“)7’(8,7‘) dsdr = — 1p(s)g(s) dr + 1}3(r)n(r) dr
Il : :

since —p(s) + p(r) = 7(s,r) on the assignment where 7 > 0 and by feasibility of the trade pattern.
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B.4.5 Urban

We next show how composite sorting characterizes commuting patterns in urban economics (see, e.g.,
Fujita, Krugman, and Venables (1999)). We first provide an overview with the main insight.%® Second, we
embed the main insight into a richer equilibrium spatial theory of trade akin to Lucas and Rossi-Hansberg

(2002).
B.4.6 Overview

We consider the spatial model of a city in which a single good is produced as in Lucas and Rossi-Hansberg
(2002). Lucas and Rossi-Hansberg (2002) consider symmetric equilibria of a circular model of the city
with businesses and houses such that allocations and prices depend only on the distance from the city
center. They characterize optimal land use while the assignment problem with concave distance costs
characterizes equilibrium commuting patterns taking as given the distribution of businesses and workers
in the city.

Take a circular city with a fixed radius .S in a large economy. The distance from the center is denoted
by radius r € [0,S]. The single traded good is sold to the larger economy at a competitive price, which
we normalize to 1. The distribution of workers across different locations is g(s) while the distribution of
employment is n(r).

Production at location r is given by y(r) = z(r) f(n(r)) where z is a productivity term that captures
external effects on production at location r of employment in neighboring locations, and where n(r) is
the number of workers employed at location r. Given an exogenous distribution of employment across
the city, production at location 7 is given.

Fach worker is endowed with a single unit of labor, which they supply inelastically. Workers incur
financial commuting costs that depend on the distance traveled to and from work each day (Alonso, 1964;
Mills, 1967; Muth, 1969). As in Fujita, Krugman, and Venables (1999) and Lucas and Rossi-Hansberg
(2002), let the commuting cost for a worker living in location s and working in location r be given as
T(s,r)=1—e 57,

The assignment problem that characterizes the equilibrium sorting of workers to businesses is to

minimize aggregate commuting costs:

min / (s,7) dr, (B.17)

well(g,n)

which is an assignment problem with concave costs of mismatch.

68Given the close resemblance between the spatial theory of trade and the urban models, the equilibrium formu-
lation for this stylized model closely follows Section B.4.3.
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B.4.7 A More Detailed Spatial Urban Economy

We connect the simple urban economy to the spatial urban economy of Lucas and Rossi-Hansberg (2002).
Similar to Lucas and Rossi-Hansberg (2002), we focus on symmetric equilibria.

Consider a circular city, where locations r € [0, 1] are indexed by distance from the city center. A single
good is produced within the city. Workers are distributed across space following density g(s). Productive
land is distributed according to ¢(r) and owned by landlords. Workers and landowners have preferences
which are strictly increasing in consumption. Production at location r is Leontief, z(r) = z(r) min{¢, n},
with local productivity z(r).%

Each worker is endowed with a unit of labor. Workers incur financial commuting costs that depend
on the distance traveled to and from work (Alonso, 1964; Mills, 1967; Muth, 1969). Following Fujita,
Krugman, and Venables (1999) and Lucas and Rossi-Hansberg (2002), the commuting cost for a worker

living in location s and working in location 7 is given as 7(s,7) =1 — e~157"l,

Equilibrium. Given worker distribution g and land distribution ¢, an equilibrium is a commuting pattern

7, land supply and demand (¢4, ¢¢), firm demand for labor n, and prices (w, p, ) such that:

1. Landowners at location 7 solve their problem:

gs
rgglgcp(f)

subject to £° < 1.

2. Firms at location r solve:

max z(r) min{¢,n} — p(r)l — e(r)n,

,n

where p(r) is the rental price of land and the expenditure per unit of labor e(r) is given by:
e(r) = min (w(s) + 7(s,7)).
S
That is, the firm sources labor from the cheapest location s.

3. Workers at location s maximize consumption by solving:

c(s) =w(s) = max (e(r) —7(s,7)).

Workers work where wages after commuting costs are largest to maximize wage income and hence

consumption.

69The final good productivity can follow the externality-based form in equation (2.4) and (2.5) of Lucas and
Rossi-Hansberg (2002).
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4. The labor market clears:

o(s) = / w(s,7) dr and n(r) = / (s,7) ds. (B.18)

5. The goods market clears:

/x(r)dr: /w(s)g(s) ds—i—/p(r)é(r) d7’+//7(s,r)7r(s,r) dsdr,

where 7(s,r) is the joint distribution of work-residence pairs.

Equilibrium Characterization. We construct equilibrium commuting patterns, wages and prices by

solving a primal and dual assignment problem.

Primal Problem. The primal assignment problem characterizes commuting patterns:

min Zw(s, r)T(8,71)
subject to m € II(g, ). This is an optimal transport problem with concave distance costs.

Dual Problem. The dual problem characterizes equilibrium wages w and labor expenditures e:

max — Z w(s)g(s) + ZE(T)G(T)

e,w

subject to, for all (s,r):
e(r) —w(s) < 7(s,r).

Proposition 14. Let 7 solve the primal problem and (e, w) solve the dual problem. Then (e, w, ) are

equilibrium prices and an equilibrium commuting pattern.

Proof. First, by linear duality it follows that e(r) — w(s) = 7(s,r) everywhere where 7 > 0. By the

constraint of the dual problem: e(r) — w(s) < 7(s,r) for all (s,r). Therefore:

e(r) <w(s)+7(s,r) Vs e(r) < min (w(s) +7(s,7)), (B.19)

: S
w(s) = e(r) —7(s,r) vr = w(s) > max (e(r) — 7(s,7)). (B.20)

T

Since e(r) —w(s) = 7(s,r) on the assignment where 7 > 0, (B.19) and (B.20) hold with equality. Hence,
prices satisfy optimizing worker and firm behavior (Part of Equilibrium Condition 2 and Equilibrium

Condition 3). O
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Given the solution to the primal problem and dual problem, we characterize equilibrium. First, the
production function is Leontief, implying ¢(r) = n(r). Since production is constant returns to scale,
profits are equal to zero, or z(r) = p(r) + e(r). The characterization of labor expenditures e(r) thus
pins down the price of land p(r). Landowners supply their land, which is rented by local firms, who rent
labor up to £%(r) = ¢%(r) = n(r). Since the land distribution is the input into the primal problem, labor
market clearing is satisfied (Equilibrium Condition 4). Finally, we show that the goods market clears
(Equilibrium Condition 5). In order to see that the goods market clears, we first aggregate output across

locations:

/01 z(r)dr = /01 z(r)n(r)dr = /Olp(r)é(r) dr + /01 e(r)e(r) dr

where the second equality follows from the firm problem. We observe this implies that the resource

constraint holds with equality since:

/01 /0171'(5,7“)7'(5,7‘) dsdr:/ole(r)f(r) dr_/olw(s)g(s) L

since e(r) —w(s) = 7(s,r) when m(s,r) > 0, and by feasibility of the optimal assignment.

B.5 Efficiency Properties of the Dual Algorithm

In this appendix, we analyze efficiency properties of the dual algorithm for empirical measures. By
empirical we mean that X1,..., Xy are random samples drawn independently from a uniform distribution
on the unit interval [0, 1], and the workers are uniformly distributed on {X7,..., Xy}, and similarly for
the jobs. In this case, we further refine the bound for the runtime of our algorithm in Theorem 5, as is
shown in Proposition 16.

Recall our algorithm for the computation of the dual potentials from Appendix A.4. Suppose that
(x1,21),-..,(xp, 2zp) are ordered subpairs of pair (zg, z9) in the optimal assignment 7. Let c;; := c(x;, 2j).
Then the system of inequalities, where for all 1 < n <m < p:

m
max{coo + Cnn — Con — Cm0s Cnn — Cmn} < Z Br < min{com + €ro — €00 — Cmms Cnm — Cmm ) (B.21)
k=n+1
admits a solution (f,. .., fp).

Since the dual problem can be solved via standard linear programming, the worst-case runtime for

our algorithm is O(N%).7" Our algorithm is much more efficient as more layers of arcs are introduced.

This is because compared to the standard linear programming, our algorithm solves the problem in the

708ee, for example, Boyd and Vandenberghe (2004).
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order from bottom arcs to top, while at each step the values of ¢ in the hidden arcs need not be computed
again, but only adjusted with constant factors. Typically, the number p will not be as large as N. The
following proposition provides a general upper bound of the number p, which is a consequence of the
absence of intersecting pairs. Define the number of crossings of the measure of underqualification H at
level 7 € R as

Cu(m)i= > Vn@o=ry+ Y. L=}

1<EKN 1<EKN

Proposition 15. Suppose that (21, 21), ..., (zp, 2p) are ordered subpairs of the pair (zo, 29) in the optimal
assignment 7. Then there exists 7 € R such that the measure of underqualification H crosses the level 7

for at least p times, that is, Cy (1) > p.

Proof. Consider numbers t; € (max{z;,z}, min{x;41,2i+1}) for 1 < ¢ < p. By the property of no
intersecting pairs, H(¢;) is constant in 4. On the other hand, H cannot be constant on the interval

[ti,ti+1]. The claim thus follows. O

Proposition 16. Suppose that Fiy, Gy are independent empirical measures of the uniform distribution

on [0,1]. Then the runtime of the algorithm is O(N?°(log N')3/2) almost surely.

In order to prove Proposition 16, consider the (random) empirical cumulative distributions Fi, Gy,

drawn from two independent sequences {X;}1<i<n and {Z; }1<i<n uniformly in [0, 1], i.e.,

N N
1 1
Fn(t) =+ > Tixo<t and Gn(t) =+ > iz<ty-
k=1 k=1

Let Hy = Fy — Gy be the empirical measure of underqualification. It is well known that the scaled
measure of underqualification v/ NHy can be well approximated by a Brownian bridge, where we recall
that a (standard) Brownian bridge B = {B(t)}c(o,1] is a centered Gaussian process with covariance
E[B(s)B(t)] = min{s,t} — st. We denote the local time of a standard Brownian bridge B on [0,1] at
x € R by Lp(x). By definition, the local time process {Lp(z)}ser is such that for any bounded Borel

function f,

1
| rm@at= [ s@La
0 R
The following Lemma is a special case of Theorem 5 of Khoshnevisan (1992).

Lemma 18 (Theorem 5 of Khoshnevisan (1992)). There exists a suitable probability space carrying

Fn,Gn, and a sequence of Brownian bridges { By}, such that

N=YV20y, (;) — V2L, (%)‘ = O(NO2) as.

max
keZ
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We also have the following Lemma on fluctuations of the local time for Brownian bridges. This is

taken from Lemma 3.2 of Bass and Khoshnevisan (1995) applied with ny = k and ¢ = /2/k therein.

Lemma 19. Let { By} be any sequence of Brownian bridges. It holds that
sup  |Lp,(z) = Lp,(y)| = O(N~*1) as.
|lz—y|<\/2/N
With a Borel-Cantelli argument in Csorgd, Shi, and Yor (1999) applied to the sequence of Brownian
bridges {By} (with the tail estimates supplied by Theorem 5.1 therein), the following lemma can be
similarly established as Theorem 1.4 of Csorgd, Shi, and Yor (1999).

Lemma 20. Let { By} be any sequence of Brownian bridges. There is a constant C' > 0 such that

y2/3
P </ Lp, (z)*dz > y> < exp (—) .
R C

Moreover,

/RLBN ()dz =0 <(log N)3/2> a.s.

Proof. The first claim is Theorem 5.1 of Csorgd, Shi, and Yor (1999) applied with p = 4 therein. The

second claim follows from Borel-Cantelli. O

Proof of Proposition 16. Recall that solving (B.21) has complexity O(p*). In view of Proposition 15, the
runtime of our algorithm has the upper bound
e\ 4
> n(y) -
|k|<N

Using Lemma 18, we get that almost surely,

Chy (;) = \/ﬁLBN (1/[27]\;) + O(N-26),

Therefore, using the elementary inequality (A + B)* < 16(A* + B*) we have almost surely,

4 4
2

§ CHN <]]:r> < 64 § (NQLBN <m> + O(N1.04)>

k<N <N VN

VN+1/VN

1
< O(N*%%) +1024N>? / Lp, (z)*dz + ——O(N~%%)
~VN ‘ k% VN

< O(N*0) +1024N?° / Lp, (z)'dz,
R

where we applied Lemma 19 in the second inequality. Applying Lemma 20 concludes the proof. ]
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Table B.1: Model Parameters

Parameter Values

1980 2005
Mean of job difficulties 1.22 0.36
Standard deviation of job difficulties oy 0.46 0.36
Mean of job difficulties puo —0.00 —0.00
Standard deviation of job difficulties o 0.58 1.16
Mixing weight p 0.13 0.45
Standard deviation of worker skills o, 0.64 0.71

Table B.1 summarizes the model calibration. The first column displays the model parameter, while the second and third columns

display the parameter values for 1980 and 2005.

B.6 Further Details of Quantitative Results

In this appendix we present the parameters of the quantitative model and intuition for the quantitative

results in Section 8.

B.6.1 Model Parameters

Table B.1 summarizes the model calibration. The first column displays the model parameter, while the

second and third columns display the parameter values for 1980 and 2005.

B.6.2 Robustness of Quantitative Results

We show robustness of the model earnings decomposition with respect to the concavity of the mismatch

cost function ¢ and with respect to the number of careers.

Concavity of Mismatch Cost. Table B.2 shows robustness of our earnings decomposition with respect
to the curvature of the mismatch function by showing the decomposition for ¢ € {0.3,0.5,0.7,0.9}.

The reason for the robustness of the variance decomposition with respect to the cost parameter is the
robustness of sorting with respect to this parameter. Given the layering property (Lemma 2), workers
and jobs are paired only if they are part of the same layer. Given the estimated distributions of workers
and jobs, each layer of the measure of underqualification contains one pair, as shown in Figure B.5. By
the layering property, it follows that sorting is invariant with respect to the concave mismatch parameter
¢ € (0,1). Given that the same empirical earnings distribution is targeted, the earnings decomposition

is stable with respect to the concave cost parameter.
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Table B.2: Earnings Decomposition and Concavity of Mismatch Cost Function

¢(=0.3 (=05 ¢=0.7 (=09
Moment 1980 2005 1980 2005 1980 2005 1980 2005
Total 0.20 0.38 0.20 0.38 0.20 0.38 0.20 0.38
Between 0.05 0.09 0.05 0.09 0.05 0.09 0.05 0.09
Within 0.15 0.29 0.15 0.29 0.15 0.29 0.15 0.29
Rank correlation 0.31 0.38 0.31 0.38 0.31 0.38 0.31 0.38

Table B.2 shows the robustness of the earnings variance decomposition with respect to the concave cost of mismatch parameter (.

Table B.3: Model and Data Earnings Decomposition

Data Model
Moment 1980 2005 change 1980 2005 change
Total 0.18 0.41 0.23 0.19 0.36 0.17
Between 0.01 0.06 0.05 0.04 0.08 0.04
Within 0.17 0.35 0.18 0.15 0.28 0.13
Rank correlation 0.28 0.32 0.04 0.28 0.33 0.05

Table B.3 shows the result by distinguishing 25 distinct careers rather than 6 in the baseline.

Career Classification. Since there are different classifications one could use to define distinct careers
within which our theory applies, we conduct sensitivity analysis with respect to classification of careers.
Specifically, we re-estimate the model and compute the numerical results using the definition of 25 different
occupations in Autor and Dorn (2013). We present the equivalent results of Table 1 for the specification
with 25 different occupations in Table B.3. The 25 different occupations split the 6 categories into finer

subcategories.

B.6.3 Intuition for Quantitative Results

We provide intuition for the quantitative results by analyzing the equilibrium for 1980 in more detail. In
Figure B.5, we plot the distributions of workers and jobs in 1980 implied by the parameters in Table B.1.
As shown in Section 4, the optimal assignment is constructed by first forming perfect pairs. Workers and
jobs that are perfectly paired are indicated by the shaded area in the left panel of Figure B.5. Workers in

this region are sorted positively into an occupation with a complexity level that perfectly matches their

23



a
AN
Fy \‘\
I, I A \ 021 AN
) “\ / N
! \ / \
] b / \
! ! '\ F N
i “ \ 7 \
[ \ T mm— L e ettt
1 | 7 ¥
] I “ \ II \
| v\ ’ AN
1/ X \ 7 \
\
! / v\ R4 \
\ '
ll \ - SN ~
/ / \\ \ 0 =m==mmm== T Nemmmaa
s NN
vl ~ ~
———r s S S ——
T T T T T T
2 0 2 2 0 2
----- Workers === Jobs =====- Measure of Underqualification

Figure B.5: Distributions of Workers and Jobs and the Measure of Underqualification

The left panel of Figure B.5 shows the distribution of workers (in purple) and the distribution of jobs (in blue) for our quantitative
analysis. The right panel shows the implied measure of underqualification. An increasing measure of underqualification indicates

mismatched workers; a decreasing measure of underqualification indicates mismatched jobs.

skill. All high-skill workers, workers with skill levels above 0, are perfectly positively paired to the most
complex jobs. Overall, about three-quarters of workers and jobs are perfectly paired. The remaining
workers and jobs are mismatched.

We next describe mismatched workers and jobs. The right panel of Figure B.5 plots the measure of
underqualification induced by the worker and job distributions. An increasing measure of underqualifi-
cation indicates mismatched workers; a decreasing measure of underqualification indicates mismatched
jobs. The figure indicates that mismatched workers are in the bottom of the skill distribution, with log
skill levels below 0. Mismatched jobs are jobs with high complexity, above 0.

In order to characterize the optimal assignment of mismatched workers and jobs, we decompose
the measure of underqualification into layers illustrated by the blue dashed line in the right panel of
Figure B.5. By Theorem 1, it follows that each layer contains at most two pairs. Sorting in layers, such
as layer T, is simple as it contains a single worker and job, which necessarily are paired. The worker
with skill level —1 is paired to the job with complexity 1. In each layer in Figure B.5, the measure of
underqualification is positive, so the worker is paired with jobs for which they are underqualified.”

The optimal assignment of mismatched workers and jobs features significant variation in mismatch.
Mismatch ranges from small, for workers at skills slightly below 0 and jobs at skill slightly above 0, to
large, for example, between the worker at skill —1.8 and the job with difficulty 2.

In order to characterize the nature of mismatch between workers and jobs, consider the right panel

"'The optimal assignment is identical for all {,, ¢, € (0,1) because the measure of underqualification contains a
single worker and a single job within each layer of the measure of underqualification.

24



of Figure B.5. Workers with skills below 0 are sorted negatively to high complexity jobs. For example,
the worker in the layer marked by 7T with skill —1 works in occupation 1, while worker —0.1 works in
occupation 0.1. Negative sorting in this region implies that more complex jobs feature larger investments.
Workers with lower skills are paired with jobs with higher complexity meaning that the skill gap z — =
between the worker and the job is larger. Since the technology choice increases in mismatch, investments
are larger. To ensure that the value of the complex job is not significantly diminished, a larger investment
is made.

The equilibrium features composite sorting. First, distinct worker types work in the same occupation.
For example, both a worker with skill —1 and a worker with skill 1 are assigned to occupation 1. The
perfectly positively sorted worker has skill 1 and there is no skill gap for this worker. The worker with
skill —1 is assigned to occupation 1 through the dashed layer in the right panel of Figure B.5 and there is
mismatch for this lower-skill worker. Since distinct workers work in the same occupation, the equilibrium
features wage dispersion within occupations.” Second, the same occupation is part of both positive and
negative sorting. For example, occupation 1 is a part of positive sorting (with worker 1 as a part of
positive sorting with perfect pairs) and negative sorting (with worker —1 as a part of negative sorting of

low-skilled workers with high complexity jobs).

B.7 Comparative Statics of Sorting

In their work on the comparative statics of sorting, Anderson and Smith (2024) provide sufficient condi-
tions for sorting to be more positive as the output function changes. However, their sufficient conditions
do not apply in our setting. To show this, we introduce some of their definitions, formulate their sufficient
conditions, and provide a counterexample.

A central object in their work is the difference between output under positive and negative sorting,
which they call synergy. By definition, a rectangle r is a combination of two workers (x1, x2) where z1 < x5
and two jobs (21, 22) where 21 < 29, so their representation in R? is a rectangle. Rectangular synergy
S(r;¢) is the synergy inside the rectangle given by y(z1, 21;¢) + y(x2, 22; ¢) — y(x1, 22; () — y(x2, 215 C),
where ( emphasizes the dependence of output on the concavity of the mismatch cost function. Summed

rectangular synergy sums synergies on any finite set of disjoint rectangles. One of the assumptions that

™In line with our framework, Brynjolfsson, Li, and Raymond (2025) and Noy and Zhang (2023) find that the
introduction of generative artificial intelligence tools increases the output of low-skill workers with minimal impact
on high skill workers. Similarly, Tafti (2023) establishes that the introduction of robots in surgery benefits low-skill
surgeons more than high-skill surgeons. Bayer and Kuhn (2023) argue empirically that differences in job execution
in terms of responsibility and autonomy within the same occupation can account for a sizable portion of observed
wage differences.
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Figure B.6: Summed Rectangular Synergy is not One-Crossing with Concave Costs of Skill Gaps

Figure B.6 shows that the condition of summed rectangular synergy is not satisfied in our setting with concave costs of skill gaps. We
construct two rectangles to show that summed rectangular synergy is not one-crossing. Each of the rectangles contains two workers and
two jobs. The blue rectangle consists of workers (x1, z3) and jobs (22, z3) while the orange rectangle consists of workers (z2,x3) and jobs
(21, 22). In the left panel, positive sorting for these rectangles is represented by solid arcs above the dotted line, while negative sorting
is captured by blue dashed arcs below the dotted line. Distances between the paired workers and jobs are shown by the numbers on
the arcs (not to scale). Summed rectangular synergy equals approximately {0.09, —0.19,0.30} for ¢ = {0.2,0.5, 0.8}, showing summed

rectangular synergy is not one-crossing as a function of the concavity of the output function (.

Anderson and Smith (2024) require is that the summed rectangular synergy is up-crossing in ¢, where a
function T is up-crossing if Y(¢) > 0 implies that Y(¢") > 0 for all ¢’ > (.

To show that their assumption does not hold in our environment, we give an example that summed
rectangular synergy is neither up-crossing nor down-crossing (—Y is up-crossing) in . Consider the case
where the cost function (7) is symmetric in terms of the concavity of the mismatch function ¢ = (, = (.
Consider the example in Figure B.6 where we have a subset of three workers (z1,z2,x3) and three
jobs (z1, 22, 2z3) of the alternating assignment problem within the layer, which are ordered such that
x] < x9 < 21 < x3 < 29 < z3. The distances |x — z| between the workers and the jobs are indicated by
the numbers on the arcs.

We consider two distinct rectangles. The blue rectangle consists of workers (z1, z3) and jobs (22, z3).
Positive sorting for this rectangle is represented by the blue solid arcs above the dotted line, and negative
sorting for this rectangle is captured by the blue dashed arcs below the dotted line. Similarly, the orange
rectangle consists of workers (z2,x3) and jobs (z1,22). Positive sorting for this rectangle is represented
by the orange solid arcs above the dotted line, and negative sorting for this rectangle is captured by the
orange dashed arcs below the dotted line. The rectangles are represented in the right panel of Figure B.6.
Rectangular synergy measures the difference in costs of skill gaps under positive sorting and the costs of

skill gaps under negative sorting in the rectangle. The summed rectangular synergy over the blue and
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the orange rectangles is the sum of the synergies on the disjoint rectangles.

A numerical example shows directly that summed rectangular synergies are neither up-crossing nor
down-crossing in our setting. Specifically, synergy for the blue rectangle is given by 39.9¢ + 0.1¢ — 20¢ —
20¢ while synergy for the orange rectangle is 1.8 4+ 2¢ — 0.1¢ — 0.1¢. The resulting summed synergies
equal approximately {0.09,—0.19,0.30} for ( = {0.2,0.5,0.8} respectively, meaning that the summed
rectangular synergy is neither up-crossing nor down-crossing as a function of the concavity of the output

function (.
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