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We fully solve a sorting problem with heterogeneous firms and multiple
heterogeneous workers whose skills are imperfect substitutes. We show
that optimal sorting, which we call mixed and countermonotonic, is com-
prised of two regions. In the first region, mediocre firms sort with mediocre
workers and coworkers such that the output losses are equal across all these
teams (mixing). In the second region, a high-skill worker sorts with low-skill
coworkers and a high-productivity firm (countermonotonicity). We charac-
terize the equilibrium wages and firm values. Quantitatively, our model can
generate the dispersion of earnings within and across US firms.

I. Introduction

How do heterogeneous workers sort to work in teams at heterogeneous
firms? Which workers work together, and what firm do they work for?
How do worker earnings depend on their employer, their coworkers, as
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well as other firms and workers in the economy? How does the firm value
vary with the workers they hire? To answer these questions, we study the
sorting of multiple heterogeneous workers into teams at heterogeneous
firms when workers’ skills are imperfect substitutes. Imperfect substitut-
ability naturally emerges, for example, in contexts where workers form
teams to solve problems.

The traditional approach to one worker, one firm assignment problems
is to provide conditions under which sorting is assortative. Becker (1973)
shows that sorting is positive under supermodular technologies and nega-
tive under submodular technologies.' Positive sorting—or comonotonicity—
readily extends to settings with multiple workers and is generally optimal
with supermodular technologies. On the other hand, negative sorting—
or countermonotonicity—does not have a simple multitype equivalent.

An important open question is how to characterize sorting of heteroge-
neous firms with multiple heterogeneous workers when technology is
submodular. We fully characterize the solution to this problem and thus
provide the notion of negative sorting for multiple types.

We are the first to fully solve a sorting problem with firm heterogeneity
and multiple heterogeneous workers whose skills are imperfect substitutes,
that is, when the technology is submodular. In doing so, this paper makes
two contributions. First, we show that an equilibrium assignment is charac-
terized by two types of assignment regions. In the first region, mediocre
firms sort with mediocre workers and coworkers so that output losses are
equal across all these teams (mixed assignment). In the second region,
high-skill workers sort with low-skill coworkers and a high-productivity
firm, while high-productivity firms employ low-skill workers and a single
high-skill coworker (countermonotonic assignment). We call this a mixed
and countermonotonic assignment. Second, we fully characterize the equi-
librium assignment as well as workers’ wages and firm values. We illustrate
our theory with a quantitative application to earnings dispersion within
and across firms.

We develop our findings using a transferable utility assignment model
with worker peer effects and firm heterogeneity. In order to illustrate our
theory, consider a simple production and team technology. The output of
a firm is the product of the value of the project, or productivity z, and the
probability the worker team is able to solve production problems ¢. When
workers independently do not know how to solve a problem with proba-
bility x;, team quality with workers (x;, X, ..., x,) is¢ = 1 — [T~ %, and out-
put is y(xi, X, ..., %, 2) = z¢ =(1 — [[/~;%)z Production is supermod-
ular in team quality and productivity and submodular in worker skills
and productivity.

! Sattinger (1993), Chiappori and Salanié (2016), Chade, Eeckhout, and Smith (2017),
and Eeckhout (2018) review this literature.
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We show that there are two regions to an optimal assignment. The first
region is the mixed set. Mixing means that the output loss, I «; is iden-
tical for all teams. We start with the observation that mixing is optimal
whenever it is feasible. Equalizing output loss zI] x; across teams is opti-
mal, as average expected losses attain the lower bound if and only if out-
put losses are equal across all teams following Jensen’s inequality. Mixing
implies that firms with identical projects may hire different teams of work-
ers that have the same overall quality.

Mixing, however, does not fully describe equilibrium sorting, as it is not
feasible everywhere. We show that optimal sorting features the maximal
mixed set combined with countermonotonic regions. To develop intui-
tion for the optimality of countermonotonic sets, we note thatat the bound-
ary of the mixed set, the lowest-value project is sorted with identical low-
skill workers (high x;). Similarly, a project that has zero value employs
workers who do not know how to solve a problem (x; = 1). If we interpo-
late this reasoning to other low-value projects outside the mixed set, these
projects are countermonotonically sorted with low-skill workers.

In order to establish equilibrium properties of worker wages and firm
values, we characterize the dual problem. We show that the derivative of
the wage schedule is equal to the marginal worker product. The increase
in output obtained by replacing a worker with a slightly more skilled worker,
keeping coworkers and the firm unchanged, has to equal the increase in
wages necessary to hire the higher-skill worker. More skilled workers work
with coworkers and a firm that has greater expected output losses, imply-
ing a convex wage schedule.

Our main resultis derived in a setting with heterogeneous distributions
of workers and firms and teams of n > 2 members. We prove that a mixed
and countermonotonic assignment is optimal, derive its dual, and charac-
terize an equilibrium. We establish the optimality of a mixed and counter-
monotonic assignment by using a majorization inequality (Hardy, Little-
wood, and Pdlya 1929; Karamata 1932; Pecari¢ 1984).? We combine our
characterization of optimal assignments with a duality argument for multi-
marginal optimal transport problems (Kellerer 1984) to derive worker wages
and firm values.” Finally, we discuss how our results apply to more general
production structures.

Having characterized equilibrium, we quantitatively illustrate the theory
using US administrative earnings records. Since an important feature of
our paper among assignment models is that we obtain distinct distributions

* We prove that there exists a mixed set by connecting our assignment model to work on
risk aggregation by Wang and Wang (2016), which describes when there exists a depen-
dence structure such that the sum of idiosyncratic risks is constant.

* The multimarginal optimal transport literature in mathematics considers the exten-
sion of the classical optimal transport problem to the case of more than two marginal dis-
tributions. See, e.g., a review in Pass (2011).
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of earnings within heterogeneous firms, we apply our model to evaluate
the dispersion in earnings within and across firms.

Our model can generate the dispersion of earnings as well as its decom-
position between and within firms, as empirically documented by Song
et al. (2019). We use the cross-sectional distribution of earnings and the
decomposition of earnings variation into within-firm and between-firm
variation to estimate the underlying distributions of worker skills and firm
values. Changing only the distribution of firm projects between 1981 and
2013, we show that the share of within-firm earnings dispersion would
have increased by 22 percentage points. Changing the distribution of work-
ers, we show that the share of within-firm earnings dispersion would have
decreased by 38 percentage points. That is, our counterfactual analysis
shows that both the changes in the worker and project distributions are
important in the model in generating the observed change in earnings
dispersion.

Related literature—There is an extensive literature on one-to-one assign-
ment models in the tradition of Becker (1973). This literature, in partic-
ular, analyzes conditions under which sorting is positive or negative.* Our
contribution is to characterize sorting for an assignment problem with
heterogeneous firms and multiple heterogeneous workers whose skills
are imperfect substitutes. We provide a complete equilibrium characteri-
zation for this problem. In doing so, we generalize the notion of negative
sorting to a multiple agent setting.

The closest to our work is a literature that studies negative sorting with
more than two agents. Ahlin (2017), Chade and Eeckhout (2018), and
Eeckhout (2018) argue that it is evident neither how to define negative
sorting in this case nor how to characterize an optimal assignment when
production is submodular and also derive insightful partial characteriza-
tions. Ahlin (2017) also develops a quantitative application to group for-
mation in villages.” In our paper, we fully characterize optimal sorting for
dimensions greater than two with a submodular technology.

An alternative approach to multiworker firms in assignment models is
due to Eeckhout and Kircher (2018).° They develop a model in which
firms sort with a single type of worker and choose how many workers of
this type to employ. Eeckhout and Kircher (2018) develop conditions un-
der which sorting is positive or negative. Importantly, they assume that the
firm technology is additively separable between workers of different types,

* Boerma etal. (2023) provides a closed-form solution to a one-to-one assignment that is
neither positive sorting nor negative sorting, which they call composite sorting.

* See also Ahlin (2015) for a study of a role of group sizes in group lending and Saint-
Paul (2001) for an assignment model with different types of intrafirm spillovers.

® Kelso and Crawford (1982) provide the gross substitutes conditions for equilibrium ex-
istence in a related assignment model of many workers to one firm, with finite workers and
firms and a more general production technology.
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so the marginal worker product is independent of other types of workers
within the firm. This paper differs from Eeckhout and Kircher (2018) by
focusing on firms of fixed size and by incorporating peer effects. Workers
are instead imperfect substitutes under a submodular technology, and
their marginal product does depend on their coworkers.”

This paper relates to a growing literature that uses optimal transport the-
ory to solve economic problem; see Galichon (2018) for a comprehensive
overview. Specifically, there is an important line of work on multidimen-
sional sorting and multimarket problems, working with optimal transport
theory, such as Dupuy and Galichon (2014), McCann et al. (2015), Chi-
appori, McCann, and Pass (2017), Chiappori, Salanié, and Weiss (2017),
Lindenlaub (2017), Lindenlaub and Postel-Vinay (2020), Galichon and
Salanié (2021), and Ocampo Diaz (2022). Our assignment problem in-
stead results in a sorting problem where each dimension of heterogeneity
sorts with an endogenous multidimensional distribution.

Another literature, following Garicano and Rossi-Hansberg (2006),
solves hierarchical assignment models with heterogeneous workers.® Sim-
ilar to Garicano (2000), workers differ in their knowledge, which governs
the probability that they know how to solve a production problem. Knowl-
edge is assumed to be cumulative, so that more skilled workers know how
to solve a problem whenever less skilled workers do. A key implication is
that production is supermodular in worker skill, so that equilibrium sort-
ing is positive. In line with these papers, our workers differ in the proba-
bility that they know how to solve production problems. Knowledge, how-
ever, is not cumulative, allowing for the possibility that less skilled workers
know how to solve a problem when more skilled workers do not. As a re-
sult, our production technology is not supermodular, and hence optimal
sorting is not positive.

To characterize our equilibrium, we build on the optimal transport lit-
erature in mathematics that develops tools to solve multimarginal trans-
port problems. While this is an active area of recent research with a num-
ber of applications, understanding of the problem is far from complete
and is fractured (for examples of different settings and costs, see Gangbo
and Swiech [1998], Carlier and Ekeland [2010], Kim and Pass [2014], and
Gladkov and Zimin [2020]). Our paper studies a submodular cost func-
tion and introduces firm production and nonuniform distributions of
workers and firms, using this to understand equilibrium sorting, worker
wages, and firm values. In the literature on risk aggregation and insur-
ance, Bernard, Jiang, and Wang (2014), Embrechts et al. (2014), Puccetti

7 Recent quantitative work by Jarosch, Oberfield, and Rossi-Hansberg (2021) and
Herkenhoff etal. (2023) studies production and learning of workers in teams in labor mar-
kets with and without frictions.

% An exposition of the hierarchical assignment problem is presented in Garicano and
Rossi-Hansberg (2004). See Garicano and Rossi-Hansberg (2015) for a review.
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and Wang (2015), and Wang and Wang (2016) study properties of aggre-
gate risk as the sum of individual risks. Similar to them, we study the min-
imization of output losses (risks) incurred by teams of workers and firms
in the economy. Different from them, our interests lie in the distribution
of output losses and characterizing sorting patterns of workers that gener-
ate maximum aggregate output. Importantly, we characterize the dual
problem to characterize the distribution of wages and firm values.

The organization is as follows. We present the model in section II. We
provide intuition for the main result in section III and establish the main
results in section IV. Section V evaluates the ability of the model to gen-
erate observed wage dispersion and its decomposition into within- and
between-firm components. Finally, section VI concludes.

II. Model

We study an economy in which agents with heterogeneous skills choose
their firm and coworkers to work with. This is an assignment problem ex-
tended to incorporate multiple workers in each firm. Our setup results
in a sorting problem between multiple workers with each firm for a sub-
modular production technology.

A.  Environment

Agents—There are m > 2 groups of risk-neutral workers and a single
group of risk-neutral firms. Each group has mass 1.

Workers differ in skills. The skill is indexed by a single number x; €
X = [0, 1], which captures the probability that the worker does not know
how to solve a problem. For example, a worker with skill x; = 0.1 knows how
to solve a problem with 90% probability. High-skill workers have low x..
The distribution of each group of workers has cumulative distribution
function F,(x;) and corresponding continuous density function f.(x;).

Firms differ in the value of their projects or in productivity z € Z =
[0, 1]. High-value firms have a high z. The distribution of firms has cumu-
lative distribution function F(z) and continuous density function f(z).
The cumulative distribution functions are strictly increasing and contin-
uous. The inverse distribution function for firms Z(p.) gives the unique
number z that satisfies £.(z) = p. for percentile p. € [0, 1]. Thus, the per-
centile p, corresponds to the value zin the firm distribution. The inverse
distribution function for workers /, is defined analogously.

Technology.—A team comprises m workers who encounter a problem in
production. These workers solve a problem when at least one of them
knows how to solve it. Since the probability that worker i does not know
the solution is x, independent of their coworker knowing the solution,
the probability of successful production with workers (x, %, ... , x,,) is
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g = h(x, %, %) =1 []x 1)
=1

The team quality function £ is a symmetric submodular function in worker
types, so workers are substitutes.

A firm of type z that employs a team of quality ¢ produces output ac-
cording to

g(q,2) = ¢z (2)

The production function gis supermodular in team quality gand firm type
z. Team quality and the project are complements in production. When we
combine the technology (2) with the team quality function (1), firm out-

put y 1S
X1y X2y eee s Xy Z 1 I |xi Z. 3

Firm output is a submodular function in worker and firm type.’ The mar-
ginal product of worker x; is

m(x) = yi(x, %, ., %, 2) = —z] [5 < 0. (4)

J#

When a worker is less skilled—that is, less likely to know how to solve a
problem—output decreases. The marginal product of every worker de-
pends only on skills of their coworker and the firm they work with.

Assignment—An assignment prescribes, for every worker, coworkers
to work with and a firm to work for. Given a distribution of workers F,
and a distribution of firms E, the set of feasible assignment functions
is IT = II(L, ..., I, I7), which is the set of probability measures = on
X x =* x X x Z such that the marginal distributions of m onto X and Z
are equal to F, and F, respectively. Feasibility of an assignment function
is equivalent to labor market clearing, that is, all workers and firms are
sorted.

B.  Equilibrium

A firm with project z chooses workers x;, %, ..., x,, to maximize profits,
taking the wage schedule for workers w as given. The firm problem is

¢ This technology nests one-to-one assignment models with positive and negative sort-
ing. If the distribution for team quality ¢ is exogenous, sorting between teams and firms
is positive. Higher-quality teams work on more valuable projects. Absent firm heterogene-
ity, z = z, sorting is negative in the case of two workers, or m = 2. Low- and high-skill work-
ers form teams.
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U(Z’) = rr{la}xy(xb"')xnw Z) - Ew(xl) (5)
% i=1
Worker x; chooses to work for firm z with coworkers {x} for j # ¢ to max-
imize wage income. The worker takes the wage schedule for coworkers
and the firm value v as given:

w(x;) = max y(x, Xo, ..., X, 2) — Sw(x;) — v(2). (6)
{x}e i
Equilibrium.—An equilibrium is a wage function w, firm value function
v, and feasible assignment function , such that firms solve their profit
maximization problem (5), workers solve the worker problem (6), and
satisfy a feasibility constraint

|3 madr = S [wepar + [owar, @

i=1
which states that total output produced, fy(xl, Xo, ..., X, 2)d T, equals total
output distributed to workers and firms.

C. Assignment Problem

We solve two problems to characterize an equilibrium."
Primal problem.—We first solve a primal problem to find an optimal
sorting:

maxjy(xl,xfz,...,xm, z)dm. (8)
well

This problem is to choose an assignment 7 to maximize production. It is
equivalent, in terms of choosing an optimal assignment, to minimizing
output losses. Output losses x; ... x,,z are given by the product of the pro-
ject value z and the probability of failure by a team of workers, which
is given by x; ... x,.'"" We thus equivalently represent the planning prob-
lem as

minn J X ... X,zd, (9)
which is an optimal transport problem (Monge 1781; Kantorovich 1942),
with multiple marginal distributions. The number of marginal distribu-
tionsis given by n = m + 1, comprising mworkers in a team and a project.

' We describe the relationship between the primal problem, the dual problem, and
equilibrium in sec. Al.
"' The output loss function is Schur concave.



SORTING WITH TEAMS 429

Dual problem.—To obtain equilibrium wages w and firm values v, we
solve a dual problem. The dual problem is to choose functions w and
v that solve

m

minEJw(x,-)dE + Jv(z)dE, (10)

subject to the constraint that Zw(x;) + v(z) > y(x1, %, ..., x,, 2) for any
(xly X2y vee sy Xins Z)

III. Intuition for the Main Result

This section provides intuition for optimal sorting. We consider the case
where all distributions are identical.

The core idea of the optimal sorting is based on three observations.
First, Jensen’s inequality bounds aggregate output losses from below:'*

Jxl...xmzdwz exp(Jlogxl...xmzdﬂ') (11)

Second, the lower bound is independent of assignment 7 because of
feasibility:

exp <J log x; ... xmzd1r> = exp (J log xdFF + -+ + Jlog x,,dF + Jlog zdF>.
(12)

The right-hand side is a constant C, as [log zdF and [log xdF depend on
only the marginal distributions. When we combine (11) and (12), the
aggregate output loss is bounded below by C:

J X ... Xpzdmw > C. (13)

Third, by Jensen’s inequality, the minimum given by the right-hand side
is attained when the output loss is equal across all teams and equal to C.
We refer to the set of teams with the same output loss C as mixed."> When
an assignment is mixed, it is optimal, as it minimizes aggregate losses (9).

While mixing is optimal when it is feasible, it is not feasible every-
where. Consider a project z = 0 in a mixed assignment. Then the output

'* For any convex function { and any random variable X, Jensen’s inequality states that
E[{(X)] > ¢(E[X]). Here, { is the exponential function, and the random variable X =
log x; ... x,,z is the logarithmic output loss.

¥ Wang and Wang (2011) define assignments with equal output loss as completely
mixed. Such sortings are also studied by Gaffke and Riischendorf (1981), Riischendorf
and Uckelmann (2002), and Knott and Smith (2006).
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loss %% ... x,z has to be equal to zero for all teams. Thus, mixed is not
feasible everywhere.'

We show that the optimal assignment is the largest possible set of
mixed teams combined with countermonotonic sets."” The intuition for
this result is as follows.

Jensen’s inequality suggests that it is optimal to have the largest set of
mixed teams. Consider a mixed set with the workers and firms between
percentiles p and p in their distribution, that is, the values [/(p), I(p)]
from each distribution. We now show that the constant output loss
C = I(p)I"(p) for the largest possible set of mixed teams. The maximal
output loss on a lowest z = I(p) project is attained by pairing this project
with the highest x, = 1(p) worker for all i. This team incurs an output loss
I(p)I"(p) and thus C < I(p)I"(p). For the maximal feasible mixed set,
this condition has to hold with equality, so that the constant output loss
C= 11" (p).

We next describe the reasoning behind the countermonotonic sets.
First, note that the lowest z = I(p) project in the mixed set is paired with
m identical high x = I(p) workers in this set to attain the loss C =
I(p)I"(p). Second, it is naturally optimal to pair the lowest z = 0 project
with m highest x; = 1 workers, attaining zero loss. If we interpolate this
logic between the project values z = 0 and z = I(p), projects below 7(p)
are sorted countermonotonically to m identical_high x; workers. This
generates a countermonotic set for low z € [0, I(p)) projects with m
identical high x; € (I(p), 1] workers. By symmetry, low x; € [0, I(p)) work-
ers are paired with m — 1 high x, € (I(p), 1] coworkers and a high z €
(I(p), 1] project. Since both low z projects and low x; workers for all
J # tare assigned to teams with high x; workers, percentiles [0, p) of firms
z and workers x; absorb measure mp of high x; coworker. Percentile p €
[0, p) of the project distribution is thus sorted with percentile 1 — mp of
the worker distributions. The lowest z project p = 0 employs the highest
x; workers at percentile 1; a project at percentile p is sorted with identical
workers ranked 1 — mp = p. This team incurs loss I (p)1(p) = C,identical
to the loss for all teams on the mixed set. B

In sum, we provided intuition for the following solution. Pair low x;
workers with high x; workers on high z projects until, at some point, medi-
ocre workers can be paired with firms such that output losses are identical
for all mediocre teams. Figure 1 visualizes the support of this candidate
solution with two workers. The countermonotonic sets corresponding

'* Generally, there exists no mixed assignment for atomless distributions with full sup-
port on the unit interval.

> The teams (X, Xy, ... , X,, 2) and (&, Xy, ... , X, 2) are countermonotonic in kif x, < X,
implies that x; > x; for all i # kand z > z, if x, > %, implies that x; < ; forall i # kand z < z,
or if X, = x.. A set of teams is countermonotonic in k if all pairs of teams are counter-
monotonic in k.
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Fic. 1.—Support of assignment. The figure plots an example for the support for an op-
timal assignment when each team employs two workers, m = 2. The xaxis and y-axis show
the skill of the worker x; and their coworker x,, while the zaxis plots the value of the firm
project z.

to teams with low % and x workers are represented by A, B, and AyB,, re-
spectively, while the countermonotonic set that corresponds to teams with
low z projects is A;B;. The mixed set is represented by B, By B,

IV. Main Results

We next show that a mixed and countermonotonic assignment solves the
planning problem with heterogeneous continuous marginal distribu-
tions and characterize the dual solution for wages and firm values.

A.  Mixed and Countermonotonic Assignment

We generalize the assignment in section III to heterogeneous marginal
distributions by developing three insights from the intuition for the case
of homogeneous marginal distributions.

First, in the case of homogeneous distributions, each distribution is
segmented into three parts: low values [0, /(p)], medium values [/ (p),
I(p)]1, and high values [7(p), 1]. The measure of medium values is p —
p = 1 — ¢. With heterogeneous distributions, we segment all distributions
into three parts, each indexed by i € {1, ..., n}: low values [0, L(p;)],
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medium values [Z;(p;), I;(p;) ], and high values [Z;(;), 1]."* The measure of
medium values p; - p; = 1 — g isidentical across distributions.

Second, we consider the ranking of output losses across teams. In the
homogeneous case, the loss is largest for teams in the mixed set, which
has measure 1 — ¢. The remaining teams are in countermonotonic sets
with measure ¢. For each percentile ¢ < ¢, there are n teams located at
the tth percentile of the loss distribution, one in each countermonotonic
set. Each team consists of a low value 7 (#/n) from one of the distributions
and m high values (1 — (m/n)t) from the remaining distributions. With
heterogeneous distributions, the loss is as well largest for teams in the
mixed set, which has measure 1 — ¢. There are also n teams located at ev-
ery percentile ¢ < ¢. Each team consists of a low value I;(Z;(¢) ) from one of
the distributions and mhigh values /;(1 — 7 (¢)) from the remaining distri-
butions j # ¢, where the functions ; and 7; are both increasing. The func-
tion (;(¢) gives the percentile of the low value drawn from distribution ¢ at
the #th percentile of the team loss distribution. Similarly, the function 7 (¢)
yields the percentile of the high value drawn from distribution j at the
ith percentile of the team loss distribution. In the homogeneous case,
t(t) = t/nand (1) =(m/n)t.

Finally, in the case of homogeneous distributions, mixed teams con-
tain agents in [/(p), /(p)], and their losses are all identical and equal to
I(p)I(p)". With h_eterogeneous distributions, mixed teams contain values
in _[I,-(pl-), I(p:)] and attain identical losses C = [ x;, where for all 4,

c=rLp)[[1®) (14)

JF

We use the generalization of features of the optimal sorting with homo-
geneous distributions to define a mixed and countermonotonic assign-
ment for the case of heterogeneous distributions.

DEFINITION 1. A mixed and countermonotonic assignment is a collection
of continuous increasing functions { (¢, %) }/-;, thresholds {(p,, p:) }i-1,
and an assignment 7 € TI({F}.,) satisfying the following:

1. The mass of agents in the mixed sets [1;(p,), {(p;)] is identical for
all distributions 1 — ¢ = p, — p, for all i.

2. The support of assignment 7 consists of (1) a mixed assignment
and (2) n countermonotonic sets so that for all 0 <t < ¢, the
assignment is countermonotonic: b;(t) =(by(?),..., b, (1)), with
bi(t) = L(1,(1)) and b;(0) = L(1 = T(0)) if i # j.

1® When we use i € {1, ..., n} to enumerate the different marginal distributions, we use
1 < i < mtorefer to the respective worker distributions and » to reflect the firm distribution.
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3. For each i, (1) startsat (1,...,1,0,1, ..., 1) and ends at (; (p), ...,
I;(p,), L,(p.)). Equivalently, ¢;(0) = £(0) = 0, t,(¢) = p,, and 1 —
%.(q) = p: for each i. R

4. For each percentile ¢ < ¢, there are n teams located at the #th per-
centile, when teams are ranked according to their output losses.
Team ¢ is located on the countermonotonic set at b,(t). All other
teams are mixed and have identical loss C, given by (14).

B.  Planning Problem

In this section, we prove our main result that a mixed and countermo-
notonic assignment is optimal.

THEOREM 1. Any mixed and countermonotonic assignment solves

the planning problem (8).
We provide a sketch of the proof. Let y be the distribution of logarithmic
output losses induced by assignment 7. The associated inverse cumula-
tive distribution function is Z,. That is, logarithmic losses by a team at
percentile pin the loss ranking are given by Z (p) when teams are sorted
in increasing loss order. We show that an assignment 7™ is optimal by
showing that output losses are greater under any other assignment .
That is, [£(x1, %, ..., x,, 2)d7* < [£(%1, %, ..., X, 2)d 7, o1, equivalently,
I exp(Ls(p)dp < [} exp(L(p))dp.”

Specifically, we establish optimality by proving that logarithmic output
losses under the optimal assignment are smaller in convex order than the
logarithmic output losses under any other feasible assignment."® The proof
is constructed using the integral version of the majorization inequality
(Hardy, Littlewood, and Pélya 1929; Karamata 1932; Pecari¢ 1984).

Majorization inequality.—Let h be a continuous convex function, and
let 5, and s, be nondecreasing functions on the unit interval. Suppose

1. Ls] (pdp = Lsg(p)dp, (15)

5. j (p)dp > j (p)dp, (16)

for all ¢ € [0, 1]. Then [; k(s (p))dp < [, (5o (p))dp.

'7 It is equivalent to integrate output losses with respect to the assignment function
and with respect to ranks in the logarithmic loss distribution, fﬂ(xl, Xoy oeey X, 2)dT =
1
o exp(L(p))dp.
'* A random variable A s less in convex order than a random variable Bif and only if for
any convex function , E[h(A)] < E[h(B)]. This is equivalent to [, A(L (p))dp < [, h(L;(p))dp
given that /is the quantile function.
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We use the majorization inequality with & = exp, si(p) = L+ (p), and
s (p) = L,(p). The exponential function is convex, and logarithmic losses
I, are increasing, as the logarithm of a positive increasing function is itself
increasing.

In order for us to apply the majorization inequality, it suffices to verify
that (15) and (16) are satisfied. The first condition (15) requires that ag-
gregate logarithmic losses under the assignments are equal. As aggregate
logarithmic losses are invariant across feasible assignments, this condi-
tion is verified. That is, for any feasible assignment T, j(} log I, (p)dp =
[logt(xi, %o, ..., x,, 2)dm = 21y [log x,dF, + [log zdE.

The second condition (16) is that cumulative logarithmic losses at any
percentile in the team rank ¢ are larger under optimal assignment 7*. We
observe that cumulative logarithmic losses are convex in team rank ¢, as they
integrate the increasing negative function log Z,. For the mixed set—that is,
teams ranked ¢ € [¢, 1]—cumulative logarithmic losses decrease linearly
as losses are constant. Since cumulative logarithmic losses for the lowest-
ranked teams ¢ € [0, ¢) are maximized by the countermonotonic assign-
ments (lemma 2 in sec. A2), and since aggregate logarithmic losses are
equal, cumulative logarithmic losses are larger for any team rank ¢ € [0, 1].
We formalize the verification of condition (16) in section A2.

Finally, we remark that theorem 1 does not imply uniqueness of an op-
timal assignment. We provide a further characterization of the mixed and
countermonotonic assignment in section A3." In section IV.C, we charac-
terize equilibrium wages and firm values, which are uniquely determined.

General production functions—We next discuss how the mixed and
countermonotonic sorting is also an optimal assignment with more gen-
eral production technologies.

Consider a general technology y(xi, ..., x,, ). Its second-order Taylor
expansion is a second-order polynomial in worker skills {x;, ..., x,} and
project value z. Assume that the matrix of the coefficients in this expan-
sion has rank 1 and is elementwise nonpositive to ensure submodularity.
In appendix 2 (apps. 1-3 are available in the supplementary materials
online), we establish that a mixed and countermonotonic assignment
is optimal. This shows that our results generalize in the second order
sense to general production functions.

In the case of teams comprising two workers and a project, we derive
a complementary generalization. Let a technology function be given by
Y(x1, Xo, 2z, XX, XeZ, X1Z, X;1%2), Which additionally incorporates interac-
tions effects between workers and coworkers x;x and workers and proj-
ect x;zand x,z. Suppose that its first-order Taylor expansion has negative
coefficients on each interaction term (x;X, X0z, X1z, X;X22) tOo ensure sub-
modularity. In appendix 2, through a change of variables, we establish

' We prove when the mixed and countermonotonic assignment exists in app. 1.
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optimality of a mixed and countermonotonic assignment. This shows that
our results extend in the first order sense to these functions of single,
pairwise, and triple interactions.

C. Dual Problem

In this section, we develop the analysis of the dual problem to character-
ize wages and firm values.

1. Marginal Worker Product

The marginal worker product (4) is the marginal output loss induced by
a worker, which is the negative product of the project value and the co-
worker skills. Given an optimal assignment, the marginal worker product
can be fully described.

First, consider a high-skill worker x; € [0, [;($;)]. Given team rank ¢, the
high-skill workeris x; = I;(¢;(¢)), and their team is in a countermonotonic
set. This worker is assigned to low-skill team members, given by /;(1 — #(¢))
on a valuable project 7,(1 — 7,(¢)). The marginal product for high-skill
workers is m; (x;) = —[[.L;(1 — 4(1)).

Second, consider mediocre workers x; € [I;( ), I,;(ﬁ,;)]. Mediocre work-

ers work in mixed teams with identical output losses ¢(xi, ..., x,, z) =
% ... x,2 = C across all such teams. Given this constant output loss, the
marginal product for mediocre workers is m;(x;) = —C/x;.

Finally, consider low-skill workers x; € [I;(§;), 1]. The rationale for their
marginal product is a direct consequence of the assignment of high-skill
workers described above. There are exactly m teams containing this low-
skill worker with the same loss. Let k£ be the index of the high-skill worker
in one such team so that /;(#,(¢)) is the high-skill worker. The value of
team member jis given by /;(1 — #(¢)) for all j # k. Thus, the marginal
product of the worker is —I;(£,(¢))] ]2, (1 — 7(¢)). The description of
the marginal product is summarized by proposition 2.

ProPosITION 2 (Marginal product). The marginal product of worker

x; = L(p) is
_H]j(l — (1)) if x; € [0, L(p)],

J#

C _

Xi

—L(u ) ][5 = 50) if % € (L), 1],

j#ik

where the constant C is given by (14).
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In section A4, we show that the marginal product {m} is continuous and
increasing.

2. Wages and Firm Values

Given the marginal product we formulate equilibrium wages and firm val-
ues. To simplify notation, define surplus S as output minus payments to
workers and firms:

m

S, ooy X0 2) = (%1, ey X, 2) — Dw(x;) — v(2). (18)

The constraint to the dual problem is that the surplus S(x;, ..., x,, z) is neg-
ative for any team (x;, ..., x,,, 2) € X X =+ X X x Z.Insection A5, we show
that the dual solution exists in the class of continuous functions, hence
the surplus function (18) is continuous also.

When we use the duality result of Kellerer (1984), the optimal value
to the planner problem equals the optimal value for the dual problem,
fy(xl, ey Xy 2)d T = Efw(x,-)de + fv(z)dFu where 7 solves the plan-
ning problem and w and v solve the dual problem. Given feasibility and
the definition of the surplus, f S(xi, ..., %, z)dm = 0. Since the surplus is
nonpositive for every team by the constraint to the dual problem (10), the
surplus is zero almost everywhere with respect to the assignment .

We next characterize the wage schedule and the firm value function.

ProrosITION 3 (Wages and firm values). Wages and firm values are
continuously differentiable, with derivatives w'(x) = m(x) and v'(z) =
k(z) = m.(z) + 1. The wage and firm value function are given by

w(x) = C, + Jxm(s)ds, (19)

v(z) =C, + Jzk(s)ds. (20)

The proof is presented in section A6.

Workers’ marginal earnings equal their marginal product, w'(x) =
m(x). The marginal increase in output equals the marginal increase in
the cost necessary to recruit a higherskill worker. While the marginal
product depends on peer effects, the equilibrium level of these peer ef-
fects is directly related to the worker’s own skill by proposition 2. While
aworker’s marginal earnings reflect their marginal product, earnings lev-
els reflect the marginal product of all workers that are more skilled, as
seen in (19). Specifically, workers incur a wage penalty relative to the most
skilled worker.

To obtain intuition for equilibrium wages, we observe that the sur-
plus is zero almost everywhere with respect to the assignment T,
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Sy ey X0y 2) = 2(1 = [[ %) — Zw(x) — v(z) = 0. Moreover, as w is a
differentiable function, fix the coworkers x, and the project z Since
the surplus function is negative S(xj, ..., x,,, z) < 0, the equilibrium team
(%1, ..., X,, 2) is a local maximum with respect to the surplus function:

S0, %, 2) = 0= —2] [ — @/ (%) = o/ (%) = m(x), (21)

JF

where the final equality follows from the definition of the marginal worker
product (4). Since there are no excess resources and the surplus is differ-
entiable, every worker’s marginal earnings is their marginal product. Equi-
librium wages follow (19) by integration.

The marginal cost of workers equals their marginal product w'(x) =
m(x) forall x € (0, 1). Since the marginal worker product is negative, con-
tinuous, and increasing, wages are decreasing and convex.

The intuition for the firm value is similar to the intuition for wages. If
there are no excess resources almost everywhere for assignment 7, then
by fixing a team of workers as well as by differentiability of the firm value
v, we have

S (Xiy s X, 2) =0=1~— Hx] -V (2) = V' (z) = k(z) = m.(2) +1, (22)
J

where the final equality follows from the definition of the marginal prod-
uct (4). A firm’s marginal reward is its marginal product. When a firm un-
dertakes a marginally more valuable project, its output is its expected
probability of success, or team quality, 1 — ;. In equilibrium, the firm’s
marginal productis similar to the worker product, up to the unit constant.

The firm value is increasing and convex in project value z because the
marginal firm product kis positive, continuous, and increasing. The mar-
ginal firm product is positive, continuous, and increasing because the
marginal product m, is continuous and increasing, and m.(z) > —1, imply-
ing k> 0.

Given the description of wages and the firm value function in proposi-
tion 3, we observe that for any constants C,, and C, that satisfy

1

0=2¢,+ Co + J m,(s)ds, (23)
m

0

the functions (w, v) are a dual solution. Equation (23) ensures that the
surplus is zero for the team (xi, ..., x,,2) = (1,...,1,0).

3. Summary

In section IV.B, we show that the mixed and countermonotonic assign-
ment solves the assignment problem. In section IV.C, we construct the



438 JOURNAL OF POLITICAL ECONOMY

solution to the corresponding dual problem. Since the surplus is zero ev-
erywhere in the support of an optimal assignment, the value for the plan-
ning problem and the dual problem coincide. In section Al, we show that
any mixed and countermonotonic assignment « together with dual func-
tions (w, v) satisfying (23) are therefore an equilibrium.

V. Quantitative Analysis

We evaluate the ability of the model to generate empirical wage dispersion
and its decomposition into within- and between-firm components.

A. Data

We use data on worker earnings for 1981 and 2013 from the US Social Se-
curity Administration (Song etal. 2019). The data consider employed in-
dividuals between ages 20 and 60. The main reason for using these records
is that the data match the universe of individuals to their employer, which
allows us to analyze sorting patterns. Importantly, the matched employer-
employee dataset provides information on the earnings distribution within
every firm.

Figure 2 shows individual earnings by percentile of the earnings dis-
tribution for 1981 and 2013. In 1981, earnings vary from US$18,000 at
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Fi6. 2.—Distribution of individual earnings. The figure displays the distribution of an-
nual earnings from the US Social Security Administration, replicating figure I in Song et al.
(2019). The figure shows individual earnings levels (y-axis; US$1,000s) for each percentile
of the income distribution (x-axis).
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the 25th percentile to US$31,000 at the median and US$89,000 at the
95th percentile. By 2013, earnings are US$19,000 at the 25th percentile,
US$35,000 at the median, and US$132,000 at the 95th percentile. Figure 2
shows considerable dispersion in earnings, which has increased over time.
Between 1981 and 2013, earnings in the bottom third of the distribution
have seen little change, while earnings at the top strongly increased.

We decompose the overall variance of log earnings into within- and
between-firm components. Let w; be log earnings of worker ¢ at firm j.
Earnings can be written as w; = w; + (w; — w;), where w; is average log
earnings within firm j. The total variance is then

Var(w;) = Var(w;) + >.0;Var(wy|i € j), (24)
)

where 6, is the employment share of firm j. The first term is the variance
of mean earnings across firms, or the between-firm variance. The second
term is the average of within-firm dispersion of employee earnings weighted
by employment.

The variance of log earnings in 1981, 0.65 log points, is attributed to dif-
ferences in mean earnings between firms for one-third and to within-firm
earnings dispersion for two-thirds (Song et al. 2019). From 1981 to 2013,
the variance of log earnings increased by 0.20 log points to 0.85. Two-thirds
of this increase is attributed to increased differences in mean earnings
across firms, while one-third is attributed to an increase in within-firm
earnings dispersion.

B.  Model

We assess the ability of our model to generate dispersion in earnings, its
decomposition between and within firms, as well as changes in the distri-
bution of earnings over time. We then use the calibrated model to struc-
turally decompose increased earnings dispersion between changes on the
worker side and changes on the firm side of the labor market.

In our model, the worker skill distribution F, and the project value dis-
tribution F, are both exogenous. We parameterize the distribution for
workers as Beta(a,, 8,) and the distribution for projects as Beta(c., 8.).
We consider teams with two workers.

We use the cross-sectional distribution of earnings and the decompo-
sition of the earnings variation into within-firm and between-firm varia-
tion to inform the worker and project distribution. The resulting model
fit for cross-sectional earnings is summarized by figure 3. Figure 3 shows
that our framework generates the observed dispersion in earnings as well
as changes in the distribution of earnings over time while somewhat



440 JOURNAL OF POLITICAL ECONOMY

A B

160 160
60 60

20 20

0 25 50 75 100 0 25 50 75 100

—— Data === Model —— Data === Model

Fic. 3.—Data and model distribution of individual earnings. The figure compares the
empirical earnings distribution with the model earnings distribution for 1981 (A) and
2013 (B). Solid lines indicate empirical distributions, following figure 2, and dashed lines
indicate model distributions.

underestimating earnings at the very top percentiles in both 1981 and
2013.*

Table 1 displays the decomposition for the variance of log earnings be-
tween 1981 and 2013 in the data and the model. Our stylized model can
accountfor the earnings decomposition in 1981. Column 5 shows that the
model correctly attributes one-third of the earnings variation to disper-
sion between firms and two-thirds to dispersion within firms. The model
generates an increase in the share of the between-firm variance from 0.34
to 0.43 percentage points between 1981 and 2013 while capturing the
overall increase in earnings dispersion, as shown in figure 3.*!

In addition to studying the variance decomposition of log earnings, we
evaluate nontargeted average log earnings of coworkers at different per-
centiles of the earnings distribution. The results are in table 2. Model
and data align qualitatively up to the 75th percentile, with quantitative de-
viations of 0.20 log points. At the top of the skill distribution, the data dis-
play a stronger positive correlation between worker earnings compared
with our more negatively sorted model economy.

C. Counterfactual

The rise in earnings dispersion between 1981 and 2013 could be driven by
changes in the worker or the firm side of the labor market or a combina-
tion thereof. We use our framework to evaluate the drivers of the increase
in earnings dispersion. To do this, we analyze counterfactual changes in

* The parameters that govern the Beta distribution for worker skills are (0.96, 2.85) in
1981 and (1.89, 1.48) in 2013. The estimated parameters for the project value distribution
are (0.98, 2.83) in 1981 and (1.66, 1.63) in 2013.

*' Gavilan (2012) studies the change in between- and within-firm earnings dispersion in
response to the change in the price of capital and in response to the changes in the skill
distribution in the setup of Kremer and Maskin (1996) with endogenous capital.
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TABLE 1
MODEL AND DATA EARNINGS DECOMPOSITION
Data MobpEL
1981 2013 Change 1981 2013 Change
MoOMENT (1) (2) (3) (4) (5) (6)
Between .34 43 .09 .34 43 .09
Within .66 .57 —.09 .66 .57 —.09

NoTe.—The table compares the empirical and model decomposition of earnings disper-
sion. Columns 1-3 show the empirical decomposition of earnings variation in dispersion be-
tween firms and dispersion within firms, following (24), while cols. 4-6 show the model analog.

earnings dispersion by changing only the worker distribution and by
changing only the project value distribution.

Table 3 shows a structural decomposition of changes in earnings disper-
sion from 1981 to 2013. Columns 1-3 repeat the baseline decomposition,
while columns 4-7 present counterfactual results. The firm effect coun-
terfactual evaluates the model for the distribution of workers in 1981
and the firm distribution in 2013. Columns 4 and 5 demonstrate that by
changing only the distribution of firm projects, the share of within-firm
earnings dispersion would have increased by 22 percentage points. The
worker effect counterfactual similarly evaluates the model using the proj-
ect distribution of 1981 and the worker distribution of 2013. Columns 6
and 7 show that the share of the within-firm earnings dispersion would
have decreased by 38 percentage points. That is, our counterfactual anal-
ysis shows that the changes in both the worker and the project distribu-
tions between 1981 and 2013 are important in the model in generating
the observed change in earnings dispersion.*

VI. Conclusion

We provide a complete solution to an assignment problem with heteroge-
neous firms and multiple heterogeneous workers whose skills are imper-
fect substitutes, that is, for a submodular technology. Our results show
how negative sorting extends to dimensions greater than two.

Appendix
Proofs

In this appendix, we formally prove the results in the main text.

* The quantitative analysis thus far assumes that teams are of size three: two workers and
a project. In app. 3, we demonstrate that our model can also account for the decomposi-
tion of earnings within and across firms with team sizes of four, five, and six. We also find
that the nontargeted moments of average coworker earnings are robust to team size. As the
number of team members increases, the firm and worker effect become more muted.
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TABLE 2
MoDEL AND DATA COWORKER EARNINGS
DaTa MoDEL
1981 2013 Change 1981 2013 Change
PERCENTILE (1) (2) (3) (4) (5) (6)
25th 10.01 10.07 .06 10.19 10.30 11
50th 10.30 10.45 .15 10.44 10.63 .19
75th 10.56 10.75 .19 10.56 10.83 27
90th 10.67 10.98 31 10.46 10.70 24

NotEe.—The table compares the model and data in terms of mean coworker earnings.
Columns 1-3 show mean coworker earnings at selected percentiles of the individual earn-
ings distribution, while cols. 4-6 show their model analog. All values are log points.

Al.  Planning Problem and Duality

We use the following relation between the planning problem and the dual
formulation.

LemMma 1. Let w € II(F, ..., I, ) be a joint probability measure and (w, v)
be functions such that the surplus S(x, ..., x,,2) = y(x1, ..., %, 2) — Sw(x;) —
v(z) <0 for all (x,, ..., x,, z). If there is a set M C X x - x X X Z such that
S(xi, ..., X4, z) = 0 on M with the additional property that #(M) = 1, then as-
signment 7 is a primal solution and functions w and v are a dual solution.
Since the assignment in lemma 1 is concentrated on set M, we refer to M as the
set of potential matches. The proof to lemma 1 makes use of a notion of only
weak duality.

Weak duality—Let w e II(F,, ..., I, ,F) be a joint probability measure and
fie LN(X,F,), g € L'(Z, E) be integrable functions such that y(x, ..., X, z) <
Ztifi(x) + g(z) for all teams (x,, ..., x,, z). Then®

miné J.ﬁ(xi)de, + Jg(z)dE > max Jy(xl, oy z)dm. (A1)

Urein e

m

Proof.  For any functions {f} and gso that y(xi, ..., x,, z) < 2% fi(x) + g(z), we
have

m

mzllTny(xl, ey gy D) < J(iﬁ(xf) + g(z))dw = EJf,.(xf)de, + Jg(z)dﬁ;,

e i=1 i=1

where the equality follows as = € II(F,, ..., F, , F). Since the inequality holds for

any ({/}, g and g it holds for ({f} and g) that minimize the right-hand side. QED
We use weak duality to establish lemma 1 by contradiction.

* The minimum and maximum are attained by strong duality. We discuss this notion of
duality in sec. Ab.
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TABLE 3
MODEL AND DATA EARNINGS DECOMPOSITION

MopEL Firm ErFrFeCcT WORKER EFrecT

1981 2013 Change 2013 Change 2013 Change

MOMENT (1) (2) (3) (4) (5) (6) (7)
Between .34 42 .08 12 —.22 72 .38
Within .66 58 —.08 .88 .22 28 —.38

NoTe.—The table compares the baseline and counterfactual model decomposition of
earnings dispersion. Columns 1-3 show the baseline model decomposition of earnings
as in table 1, while cols. 4-7 show counterfactual decompositions. For the firm effect coun-
terfactual, we evaluate the model with the worker distribution for 1981 and the firm distri-
bution for 2013, while the worker effect counterfactual evaluates the model using the firm
distribution for 1981 and the worker distribution for 2013.

Proof of lemma 1.—Suppose by contradiction that 7 does not solve the primal
problem. Then there exists another probability measure 7 such that

many(xl, ey Xy 2)dT > Jy(xl, ey Xy 2)d T = i J.ﬁ(x,v)de, + Jg(z)dE

well =

> min Jﬁ(x,-)dﬁ;, " jg(z)dﬁ;,
8 =1

where the equality follows by the assumption. This contradicts weak duality (Al).
Suppose by contradiction that the functions {{ f}, g} do not solve the dual
problem. Then there exists functions ({f}, g) such that

min>! Jf,(xl)dp;, + Jg(z)dE < 2 Jjg(x,)de, + Jg(z)sz

{iheio
= Jy(xl, vy Xy 2)d T < many(xl, ey Xy 2)d,
well

where the equality follows by the assumption. This inequality contradicts weak
duality (Al).

While lemma 1 connects the planning problem and the dual formulation, it does
not connect either to our definition of an equilibrium. The link is proposition 4.**

ProrosiTION 4. Let 7solve the planning problem, and let (w, v) solve the dual
problem. Then, wage schedule w, firm value function v, and assignment 7 are an
equilibrium.

Proof.  The proof follows from the constraints on the dual problem, or
w(x;) > y(X1, .o, X, 2) — 2iw(x) — v(z), which imply

w(x;) > max (y(xl, ey Xy Z) — iw(xj) - v(z)). (A2)

J#i

* Similar to Gretsky, Ostroy, and Zame (1992), we decentralize the solutions to the pri-
mal and dual problem as a competitive equilibrium. A similar argument for one-to-one as-
signment problems is in proposition 2.3 of Galichon (2018) and discussed in Chade,
Eeckhout, and Smith (2017).
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The equality follows since y(xi, ..., x,,, z) = Zi~;w(x;) + v(z) on the set of poten-
tial matches M on which the assignment function is concentrated. The argument
for the firm value function v is identical. The equality also implies that the goods
market clears. QED

Proposition 4 implies that assignment function m, wage schedule w, and firm
value function v are an equilibrium.” Given this connection, we call w the wage
schedule and v the firm value. The proposition proposes a clear path for charac-
terizing equilibrium. We separately solve the planning problem and the dual prob-
lem, which are linked through the primitive project value distribution, worker dis-
tribution, and technology. Moreover, proposition 4 shows that the decentralized
equilibrium coincides with the solution to the planning problem so the competi-
tive equilibrium is efficient.

A2.  Majorization Inequality

We verify the second assumption to the majorization inequality (16). The goal is to
show that the mixed and countermonotonic assignment is optimal. We do not re-
quire all properties of the mixed and countermonotonic assignment described in
definition 1. Specifically, we prove proposition 5.

ProPOSITION 5. Suppose that assignment 7 € I satisfies two conditions. First,
the loss of the 1 — ¢ largest teams are the same. Second, consider the first ¢ < ¢
teams. Worker x; € F; belongs to one of them if and only if x; € [0, L:(£,(¢))] or
x; € [I,(1 = %(t)), 1]. Then, 7 € IT solves the planning problem (8).

For any assignment 7, let S,({) denote the cumulative logarithmic losses for
the ¢ teams with the smallest losses:

S, (t) = L log L, (p)dp. (A3)

To verify (16) we compare S+ with S,.

Suppose that there exists a mixed and countermonotonic assignment 7" with an
associated loss distribution y*. Next, we prove that S is the maximal cumulative log-
arithmic loss in line with the second assumption to the majorization inequality, that is,
for any assignment 7, S, (t) > S, (¢) forall ¢ € [0, 1]. To establish this, we first bound
the cumulative logarithmic losses in the countermonotonic sets of @ from below.

Lemma 2. For any feasible assignment 7 and for all ¢ € [0, ¢], S, (¢) < S,=(¢).

Proof. The function S, is the sum of logarithmic losses for the ¢ teams with
smallest output losses. For any other set Uwith mass w(U) = t, by definition,

S (1) < Jlogf(xl,...,xm,Z)dvru, (A4)

where 7, restricts assignment 7 to the set U.

# We observe that an economy with m identical worker distributions £, with mass equal
to 1 for each position is equivalent to an economy with a single distribution of workers F,
with mass equal to m. Owing to the symmetry of worker skills in the team quality function
(1), these are equivalent. Intuitively, any equilibrium worker assignment for a planning
problem with distinct worker distributions can be made symmetric. By assigning 1/m of
the mass of equilibrium worker pairings to one distribution and half to another, we obtain
m identical worker distributions. The optimum value is unaffected, as the same distribu-
tion of worker pairings can be made because of symmetry.
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Define the set of teams with the ¢,(#) highest-skill workers in dimension k as
V= {(xl, vy X, 2) € [0,1]7]0 < % < L(4(2)) ). (Ab)

The measure of the set V, with respect to assignment 7 is £;(¢). The union of sets
V =V, U UV, thus has measure of at most ¢ with respect to assignment 7. We
construct a set U > V such that 7(U) = ¢ by adding some additional set of teams
to the set U.

Given that 7, represents the restriction of the assignment function 7 to the
specified set U, we use (A4) to write

S, (1) < Jlog 0(x)y ooy Xy 2)d Ty = E Jlog x,dPr,, (my) + Jlog zdPr. (7)),
k=1

where Pr, is the projection of measure 7, onto the kth dimension. To characterize

the upper bound, we bound flog x,dPr,, (7). Since V, C U, the density function

that corresponds to measure Pr, (7) is equal to the skill density f,(x) for all 0 <

x < I(%(?)) and is less than skill density f; otherwise. Hence,

1

log () fir (%) do, + J log () fi (%) dx

L(1=4.(t))

1 (L (1))

Jlogxdern(mr) < J .
0

L() 1
= J log I, (p)dp + J log I,(p)dp,
0 1-4(0)
where the inequality follows, as the second term on the right-hand side captures
the contribution to logarithmic losses by the #(¢) lowest-skill workers. The equal-
ity follows by change of variables. Summing over all k£ dimensions, we obtain

A 1
S (1) < E(L log I, (p) dp +J loglk(p)dp> = 8, (1), (A6)

k=1 1=7.(1)

which was what we wanted. QED
LemMma 3. For any feasible assignments y and for all ¢ € [¢, 1],

S(1) < Sp(1).

Proof.  We first observe that cumulative logarithmic loss S, is a convex function,
as itis the integral over an increasing function. Since S, is convex, forall ¢ € [q¢, 1],

1- 1-
S, (1) < 1—3 (q) + S (1) = —qg (9) +—q9 (1), (A7)

1

where the final inequality follows because S, (¢) < S, (¢) bylemma 2 and §, (1) =

S, (1) by the verification of the first assumption to the majorization inequality.
The integral over logarithmic losses S « () is linear for teams with the highest

losses ¢ € [¢, 1] by the condition that the loss of the 1 — ¢ largest teams are the

same. Hence, for teams ¢ € [q, 1],

1—1 t—
gqn=ft;&u@+l_2&qn. (A8)

If we combine (A7) and (A8), the result follows. QED
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We combine lemma 2 and lemma 3 to verify the second assumption of the
majorization inequality, which concludes the proof.

A3, Characterization of Mixed and Countermonotonic Assignment

The mixed and countermonotonic assignment in definition 1 may appear gen-
eral, butin fact, the countermonotonic sets 4,(¢) fully determine the assignment 7.

First, at each percentile ¢ < ¢ in the distribution of output losses, there are n
teams: one from each countermonotonic set. The logarithmic output loss at per-
centile ¢ < ¢, which we denote (), equals*

[(t) = mA\(t) + élogli(éi(t))a (A9)

where A(?) is the skill gap between the high-skill worker and the low-skill worker
who are in teams at percentile ¢ < ¢, which is identical across distributions

N(0) = log L(1 = 7.(1)) — log L(4,(1)). (A10)

Since the functions 7, ¢;, and 7; are continuous, the functions A and [ are contin-
uous too. It follows from the definition of / that the logarithmic loss function is
increasing.

Next, we connect the functions ¢, and . Teams in the countermonotonic sets
have low output losses and pair a single low value from one distribution with high
values from the remaining distributions. Since the quality of the high-skill worker
decreases with team loss percentile +—that is, ¢;(¢) increases from ¢;(0) = 0—it
follows that the ¢ teams with the lowest losses draw a single high-skill worker from
each distribution so that for ¢ < ¢,

L) + -+ L@ =t (A11)

Equivalently, high values from the ith distribution, starting from () = 0, are
paired into teams with low values in the remaining countermonotonic sets. Thus,
fort <gq,

(1) = X)) = 1= (1), (A12)

J#

where the final equality follows from (A11).
Finally, we consider the part of the assignment 7 that is located on the mixed
set. Given functions {£}", we define for x € [0, ¢|, the average logarithmic loss for

mediocre workers and jobs i(x) = (1/(1 — x))Eﬂ"((;) log I;(¢)dt. By construction,

* For each percentile ¢ < ¢, consider all n teams at this percentile. The logarithmic loss of
the ith team equals /() = log L;(#:(¢)) —log I(1 — %;(t)) + Zlog I;(1 — ;(¢)). Since the n
teams are all at the tth percentile in the distribution of outputlosses, their losses are identical,
and hence (%) is independent of i. Using the skill gap N, we express [(f) as in eq. (A9). Sum-
ming the definition of the skill gap over i < m, we have m\(t) = 2., (log I,(1 — (1)) —
log I:(1;(t))), and by adding and subtracting log ,(t,(t)), we have m\(t) = log 1,(t,(t)) +
Sinlog I(1 — 4:(1)) — Zlog I,(¢;(t)) and thus eq. (A9).
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the logarithmic loss of any team located on mixed set B is the same and equal to
h(q). We can compute it directly:

1 1 ("
l(q) = 1= J log x; ... x,,zdm = 1= EJ log x,dF,(x,) = h(q). (A13)
q B qk:] [jh

This equation asserts continuity of the assignment: the output loss of teams at the
end of countermonotonic sets, /(g), equals the loss of teams located on the mixed
set, h(q).

If a mixed and countermonotonic assignment exists, then equations (A9)—
(A13) are satisfied. Together with the ability to mix mediocre workers and projects,
(A9)—(A13) are in fact sufficient to show that a mixed and countermonotonic as-
signment exists, as we show in proposition 6.%

ProrosITION 6. Consider continuous nonnegative increasing functions {,}1,
and amass 0 < ¢ < 1, which is located on the countermonotonic sets. There exists a
mixed and countermonotonic assignment defined by these functions if and only if

1. for each ¢t € [0, ¢], t: (¢) + - +1,(¢) = t, (All);

2. foreach t € [0, ¢], %(¢) = t — t,(1) are nonnegative and increasing, (A12);
3. for each t € [0, ¢], the skill gap between the high-skill and the low-skill

worker N(¢) = log I;(1 — % (t)) — log I;(¢(t)) is independent of i, (A10);
4. for each t € [0, ¢, the function [(t) = m\(t) + 2, log L(4;(1)) is increas-
ing in ¢, (A9);
- h(g) = I(g), (A13); and
6. the restriction of {F}_, to the intervals [£(4;(¢q)), I(1 — %(g¢))] is mixable.

o

Proof. In order for us to prove proposition 6, it remains to be shown that if
conditions 1-6 apply, then there exists a mixed and countermonotonic assign-
ment defined by the functions {#;} and a mass ¢ located on countermonotonic
sets. The proof is split into two parts. First, we construct the assignment 7 asso-
ciated with {#,} and show that it is feasible. Second, we show that assignment 7 is a
mixed and countermonotonic assignment. While the result is rather intuitive,
this technical proof verifies this formally.

We construct the mixed and countermonotonic assignment completely using
the functions {¢;} and the mass ¢ located on the countermonotonic sets. To un-
derstand that the assignment is fully determined, first observe that we can con-
struct the increasing functions {7} by (A12). Given the functions {¢;, #;} and a mass
¢, we use the definition of countermonotonic sets in definition 1 to construct
countermonotonic sets.

We next identify the threshold percentiles p; and p, and show that these thresh-
old percentiles are inside the unit interval. We denote p, = ¢,(¢) and p; = 1 —
%;(q) = p; + (1 — q),where the second equality follows from equation (Al2), eval-
uated at £ = ¢. The threshold p, is nonnegative since ¢, is a nonnegative function,
which also implies that p; = p, + (1 — ¢) is nonnegative. Next, since % (g) > 0 by

¥ Formally, we say that the distributions {F}., restricted to the mediocre intervals
[Z1:(t:(q)), I;(1 — £;(¢))] can be mixed if there exists an assignment between these distribu-
tions such that the output loss of each team is identical.
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(A12), it implies that p; < 1, and therefore p, = p; — (1 — ¢) < 1. Hence, both p,
and J; are thresholds inside the unit interval. -

Given the threshold percentiles {p,, p;}, we know the support of the mixed set.
So far, this procedure suggests only a support of an assignment. A key step is to
show that there exists a measure concentrated on this support.

The first step in showing that there exists a measure concentrated on the sug-
gested support is to reparameterize the countermonotonic set 4;(¢) from percen-
tiles in the distribution of team losses ¢ to percentiles in the distribution of the ith
worker, which we here denoted by ¢. Since the function ¢, is increasing, its inverse
t;" is well defined. Function ¢;(¢) takes percentile ¢ of team losses and returns the
percentile of the worker in the ith distribution that is part of this team. The inverse
function takes the percentile of the worker in the ith distribution and returns the
percentile in the distribution of team losses. This percentile can thus directly be
substituted into the definition of a countermonotonic set b, For each , we formally
consider the mapping

bi(q) = bt (g),

where ¢ € [O,pl] and b; is the countermonotonic set defined in definition 1.

Let \; be the Lebesgue measure restricted to the interval [0, p,], thatis, all high-
skill workers in distribution i up to percentile p,. Define the corresponding
countermonotonic set assignment 7; as the push-forward image of the measure
\, under the mapping ¢ — b;(¢,). We take {\;}/-, and will then analyze the cor-
responding marginal distributions of these countermonotonic sets 7, = m, + =+ +
m,. First, we find b, (¢):

Ziz(?) = bz‘i(gl(‘])) = L(L(El(‘]))) = I(q), (Al4)

where the second equality follows by definition of 4;in definition 1. In words, the
ith marginal distribution of assignment m; is the push-forward image of the uni-
form measure on [0, p,] under the mapping x — I;(x), which is the distribution
F, restricted to the interval [0, L(p)].

How many low-skill workers are taken by the countermonotonic sets? We assign
low-skill workers when we construct countermonotonic sets corresponding to the
high-skill workers in the remaining distributions. We next calculate how many low-
skill workers from distribution k are assigned according to the assignment function.

For each percentile s, € [, 1] among the low-skill workers in the marginal dis-
tribution of worker k, we find the measure of the set S, = {x € [0,1]" | x, > L(s) }
with respect to the measure 7, for some ¢ # k. In words, how many low-skilled work-
ers from the kth distribution x; > I;(s;) are taken by countermonotonic set 7.
First, since the function 7, is increasing from 0 to 1 — p, by (A12), its inverse 7, '
is well defined on the interval [0, 1 — p,]. We can thus write

X, = Z’m(f]i) = bm(gl(q:')) >I(s) = L(1— z’f(éfl(ql))) = Li(s) <:>7k(£71(qf)) <l-g
= ¢ = L= 5)),

where ¢, is again the percentile of the high-shill workers from the ith distribution,
and the second equality follows (A14). Worker x;is in the set of lowest-skill workers
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if we are looking at a percentile ¢; that satisfies the final inequality. This means that
the measure of S, with respect to m;is equal to Z;(7,' (1 — s,)). Thus, the measure of
Sy with respect to 7, is

m(S) = EZ@:]O ) = fk(f;l(l =) =1— s,
i#h
where the second equality follows from the definition of 7 in equation (Al2).
Thus, the kth marginal distribution of m,(S,) has the same cumulative distribution
as I, restricted to [,(s;), 1]. For each s, the mass of low-skill workers above the
sith percentile that we assign is exactly 1 — s,. Together with equation (Al4), this
implies

pri(m,) = Fi‘[0,1,(@)]u[1,<1,,>,1]~ (Al5)

Now, let 7, be an assignment that pairs mediocre workers in teams with the same
total output loss, and denote m = 7, + 7. Equation (A15) and condition 6 di-
rectly imply that 7 € TI({F}1.,).

The second part of the proof verifies that the constructed assignment is in-
deed a mixed and countermonotonic assignment. Given the constructed assign-
ment 7, we check that all properties of the mixed and countermonotonic assign-
ment in definition 1 are satisfied.

Property 1 is directly verified since we discussed above that p;, = p,+(1 — ¢).

To verify property 2, we validate both the countermonotonic sets and the
mixed set. It follows directly from their construction that the countermonotonic
sets have the required form. Next, we verify the mixed set. For the verification of
the mixed set, there are two properties to validate. First, that the values x; are
bounded between [;(p,) and [;(p;) is immediate, as these are the mediocre work-
ers and jobs. -

Second, we show that the mixed teams attain a constant, in particular,
I,-(]_),)H#llj(i)j). To validate that the loss of any team on the mixed set, Ly, equals
this constant, we use the definition of the average logarithmic loss for mediocre
workers and jobs i(x) = (1/(1 — x))ELf’((;) log I;(t)dt, we have log Ly = h(q). By

condition 5, (A13), h(q) = I(g), and by conditions 3 and 4, we write

lq) =log Ii(1i(q)) + X log [;(1 = 4(q)) = log Li(p)) + X log i(p).

i i

Hence, we establish that the loss on the mixed set attains L(@)H‘#ilj(ﬁj), verify-
ing property 2.

Property 3 of definition 1 need not be verified directly, as it is implied by the
statement of the countermonotonic sets in property 2.

Finally, for each percentile ¢, we find the mass of teams with output losses below
that of the team located at point b,(#). The logarithmic loss of this team equals /().
Since the function {(¢) is increasing by (A9) and log Ly = I(q) > {(¢), the logarith-
mic loss of any team from the mixed set is larger than the logarithmic loss of the
team b,(1).

We next find all the teams with a loss below the loss of team &,({) located on the
ith countermonotonic set. The logarithm of the loss of team 4,(x) is equal to /(x)
by conditions 3 and 4 in proposition 6. Since the loss function () is increasing,
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l(x) < I(t) <= x < (. As a result, the mass on the countermonotonic set b; such
that x < ¢ is equal to #;(¢). In turn, this implies that the mass of teams with loga-
rithmic losses below the logarithmic loss of b,(¢) is 2=, ¢;(t) = ¢, where the equal-
ity follows by condition 1 in proposition 6. This means that ,(¢) in indeed lo-
cated at the #th quantile of the teams distribution. QED

A4.  Marginal Worker Product

In this section, we establish properties of the marginal worker product.

PropOSITION 7 (Properties of the marginal product). The marginal product
{m} is continuous and increasing.

First, continuity within all three segments directly follows, as the distribution func-
tions {£}, their inverse functions {/}, and {{,, #;} are all continuous. Moreover, at the
point x; = I;(p;), the values of the high-skill workers and the mediocre workers
align; at the p(_)int x; = L(p:), the values of the low-skill workers and the mediocre
workers align. Hence, the marginal product {m;} is continuous across all skill
levels.*

Second, the most insightful part of this proposition is that the marginal prod-
uct is increasing. This follows from the necessary condition that total losses do

not decrease by exchanging workers between teams. For any two teams (x, ..., X, 2)
and (%, .., X,, z) in the optimal assignment, £(xi, ..., X,,z) + {(X, ... , %, 2) <
(X1 ees Xiy vy Xy 2) T L(Xyy ooy Xiy oon s X, 2). Given the loss function £(x, ... ,x,,

z) = %... x,z and the marginal worker product (4),

(x = %) [ [y —2[[§) < 0= =) mz) = m(x)) < 0. (A16)

i i

When a worker is more skilled, %; < x;, (A16) implies that they work with cowork-
ers on a project that has a greater outputloss, 2] [ ;% > z] ;.;%. Equivalently, when
a worker is more skilled, their marginal product (4) is more negative, and the
marginal product is thus increasing.

A5.  Dual Problem

To characterize the solution to the dual problem, we use a generalization of Kan-
torovich duality for multiple marginal distributions (Kellerer 1984).* The dual-
ity result states that the optimal value for the planning problem coincides with
the optimal value for the dual problem and that the dual solution exists in the
class of integrable functions.

Duality theorem—Let X and Z be compact subsets of the set of real numbers
and F, and F be probability measures on Xand Z, respectively. Let loss function
L(x, ..., X, z) be continuous on X x = X X X Z and II(F, ..., F, E) denote the
set of measures m on X x - x X x Z, with fixed projections pr, (w) = F, and
pr.(m) = E. Then,

* The marginal worker product m; is identical for all worker distributions, or m; = m, as
we show in app. 1.

* An instructive exposition of Kellerer (1984) is presented in Rachev and Riischendorf
(1998).



SORTING WITH TEAMS 451

min Jf(xl, ) Xy 2)dT = maxi.[ﬁ),-(x,-)dﬁ; + Jf)(z)dE, (A17)

well i1

where the supremum is taken with respect to the collection of integrable func-
tions w; € L'(X, F,) and v e L'(Z,F) subject to the constraint 2, w;(x;) +
U(z) < U(x1, ..., x,, z) for any triplet (x;, ..., %,,2) € X x " x X X Z.

Applying the duality theorem to our problem, we establish that the dual solu-
tion attains the same value as the planning problem and that the dual solution
exists in the class of integrable functions. We establish that the solution exists in
the class of continuous functions.

LemMa 4. For any dual solution (w, ... , w,, v), there exist continuous func-
tions (i, w,, v) such that @, = w; and ¥ = v almost everywhere that solves the
dual problem.

Proof.  For any dual solution (w,, ..., w,, v), we define

Wi (x) = sup y(%, ..., Xy, 2) — Ewi(xl) — v(z), (A18)
Xpyere 3 X2 i=2

where w; (%) < wi (x) since wy (%) > y(x1, ..., X, 2) — 2imewi(x;) — v(z). By equa-
tion (Al8), we also have w; (x;) > y(xi, ..., X, 2) — Ziw;(x;) — v(z), or, equiva-
lently, @ (x1) + Zwi(x;) + v(z) = y(x1, ..., x,, 2), s0 that (@, w, ..., w,, v) is in-
deed a feasible solution to the dual problem (10). Since through @, (%) < w; (x,),
it follows that

Jiul(xl)de + Sw(x)dF, + Jv(z)dE < le(xl)dF,, + S (x)dF, + Jv(z)dE.

=9 i=2

Thus, (@, w,, ..., w,, v) is a dual solution. Furthermore, @, = w, almost every-
where. Suppose not, then instead @, < w;, which would imply that

qul(mde + Sw(x)dF, + Jv(z)df; < jwl(mde + S (x)dF, + Jv(Z)dE,

=2 =2

which would contradict that (w, ..., w,, v) is a dual solution.

We next establish that w; is a continuous function. To show this, let
Wy (%15 Koy ooy Xy 2) 3= Y(X1, oo, X, 2) — 2itow; (%) — v(2), that is, (A18), holding
constant all coworkers (%, ..., x,) and the firm z. Given the technology (3), and
since x; € [0,1] and z € [0, 1], @, (x5 %, ..., X, 2) is a linear function in x,, with
slope less than 1 in absolute value. This implies that @, (x;; %o, ... , «,,, 2) is Lipschitz
continuous. Since @ (x;) can be represented as @ (x) = sup, . .@i(x; X, ...,
X, 2), W (%) is Lipschitz continuous, as the supremum of uniformly Lipschitz con-
tinuous functions is Lipschitz continuous. Hence, @, (x;) is continuous.

Similarly, we sequentially define {@;} and ¥:

() = supy(xis s 2) — Sig(x) — 3 w(x) — 0(2),

vz j=it1

U(z) = sup y(x1,...,2) — iﬁ;i(xi).

Xy
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By sequentially applying the above argument, we obtain that (@, ..., w,, ?) is a
dual solution with @; = w; for all iand ¥ = v almost everywhere. Similarly, the
same argument shows that all @; and ¥ are continuous. QED

A6.  Proposition 3

For any worker x,,, there exist coworkers {0}/’ and a firm z so that team
(%1,05 -+ » X0, %) 18 contained in the support of an optimal assignment, implying that

w(x) + 0 Fw(x) T v(z) = y(%0, s Koy %) = 20+ x0m(X10),

with the second equality following from the marginal worker product (4). For any
other worker x;, it must by the constraint be that w(x;) + =+ + w(x,,) + v(%) =
2 + xym(x). When we combine these expressions, it holds that for any x, and
x € [0,1],

w(x) — w(x) = m(xo) (% — Xi0)- (A19)
Similarly, by interchanging x;, and x; in the previous paragraph, we obtain
w(x,0) = wx) = m(x) (2, = x). (A20)
Combining (A19) and (A20) and dividing by (% — xi,) yields

m(x) > 2 T W) (A21)
X1~ X0
Taking limits as x; — %, in this equation we show that the function w(x) has a
derivative at x; = x;, and that this derivative is equal to m(x;,). Since the mar-
ginal worker product mis a continuous function by proposition 7, the derivative
of wis continuous. The result is similarly established for ¢/ (z).

Data Availability

Code replicating the results in this article can be found in Boerma, Tsy-
vinski, and Zimin (2024) in the Harvard Dataverse, https://doi.org/10
.7910/DVN/THGT4K.
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